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a b s t r a c t

In this work, an elementary, novel dissimilarly charged protrusions (DCP) surface model in an electrolyte
solution considering simultaneously the complexity of both surface morphology and surface charged
condition, which are concerned frequently on a biological cell membrane, on a modified micro-particle
surface, or in a lab-on-a-chip biosensor device, is proposed. Based on Fourier series and the perturba-
tion technique, the configuration of electrical double layer (EDL) near this complicated charged surface
eywords:
issimilarly charged protrusions (DCP)
rbitrary surface morphology
rbitrary surface charged condition
ourier series

model is successfully solved semi-analytically. The numerical calculation reveals that, the methodol-
ogy suggested in present study could deal with charged surface systems of arbitrary geography and of
arbitrary charge distribution. In the analysis, three special subjects are discussed, including an isolated
dissimilarly charged protrusion, the effect of protrusions, and the effect of dissimilarly charged condition
on protrusions.
erturbation method

. Introduction

A charged surface with arbitrary shape of protrusions, which
ight carry different kinds of charges from that on the rest domain

f charged surface, are deeply concerned in fields of biological
ell membrane and micro- or nano-scale modern, advanced tech-
ologies. For example: in therapeutics, DNA-loaded cationic lipid
articles introduced for gene delivery in the cancer curing [1]; in
iomedical engineering, the heparin-loaded cationic lipid particles
pplied in the differentiation of stem cells [2]; in drug delivery
ystem, poly(acrylic acid)-grafted silica particle as an selective-
lter functionalized drug delivery device [3]; in medicine, �-MPS
odified silica particle for the fabrication of dental nanocomposite

4]; in water treatment, the polymer-encapsulated silica particle,
G-PS-azo-IM particle for the adsorption of transition metal ions
rom the treated water [5]; and so forth. In preparing the micro-
r nano-scale functionalized colloidal particles in these exam-
les mentioned above, the surface on particles might possesses

egions of different surface charge density, due to the association
f external polymer chains, and moreover, the polymer protru-
ions appear on it, and correspondingly the surface morphology
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changes. Generally, the association efficiency of polymer chains on
these colloidal particles plays a key step for their functions, and
more often than not, the association efficiency (or loading effi-
ciency) needs the capillary electrophoresis analysis. Consequently,
understanding the charged condition on the surface of particles
via solving the electrical double layer (EDL) configuration seems
to be requisite. For a biological cell, based on the model set up
since 1960s and called the fluid-mosaic model [6], the cell mem-
brane (plasma membrane) is mainly composed of lipid bilayer and
membrane proteins. The lipid bilayer is a lamella of two molec-
ular monolayers, of which the molecules include phospholipids,
phosphoacylglycerol and sphingomyelin, and glycolipids, cerebro-
side and ganglioside. The globular, granular membrane proteins
are associated with the lipid bilayer via mainly the noncovalent
interactions, i.e. both the hydrophilic and the hydrophobic forces.
They may just contact with the hydrophilic planes through their
polar amino acid side chains (called surface membrane proteins),
or they may be embedded into the hydrophobic interior part of
bilayer through their nonpolar amino acid side chains, leaving
their hydrophilic ends outside the bilayer (called integral mem-
brane proteins), or even, they may traverse the entire lipid bilayer.

Typically, the thickness of lipid bilayer is about 50 Å (5 nm), and
the complete width of lipid–protein bilayer matrix is about 80 Å
(8 nm). There are over ten kinds of membrane proteins distributed
randomly on lipid bilayer, and the molecular weights of them

dx.doi.org/10.1016/j.colsurfb.2011.04.023
http://www.sciencedirect.com/science/journal/09277765
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Nomenclature

c0
i

concentration of i-th ion species in the bulk solution
ci,j coefficient of j-th eigenfunction for i-th order term

 i
F Faraday constant
fp(X) shape function of protrusion
fs(X) shape function of charged surface system
hs(x) height function of charged surface system
HS(X) �hs(x)
I ionic strength of electrolyte solution
lx period of charged surface system
Lx �lx
n total number of ion species
ns unit normal vector of charged surface (outward)
R gas constant
T temperature
x axis of Cartesian coordinate
X �x
xp length of protrusion base
Xp �xp

y axis of Cartesian coordinate
Y �y
z axis of Cartesian coordinate
Z �z
zi valence of i-th ion species

Greek letters
ε small perturbation parameter
εes permittivity of electrolyte solution
� Debye–Huckel parameter
�f surface charge density on flat surface
˙f �f/2IF�−1

�p surface charge density on protrusion
˙p �p/2IF�−1

�s(x) surface charge density on charged surface system
˙s(X) �s(x)/2IF�−1

� electrical potential field
 F�/RT
 i i-th order term for  
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dition of little surface protrusion, therefore the height function of
ange approximately from 35,000 to 260,000 g/mol. The electron
icroscopic image of a fracture through the freeze-etching human

rythrocyte membrane shows that, there are about 6.2 × 105 parti-
les of 8.5 nm in diameter, responsible for about 20% of its surface
rea, and which are supposed to be two kinds of glocoproteins, i.e.
ialoglycoprotein and some undetermined glycoprotein of 100,000
altons, traversing through the entire lipid bilayer [7]. The charged
ondition on cell membrane is quite complicated. Four types of
ipids and the membrane proteins may carry charges of different
inds. Via microelectrophoresis chamber of millimeters in diame-
er in electrophoresis, Seaman and his coworkers [8–10] found that,
he charge density on the membrane of a human erythrocyte cell is
f the order of 10−2 C/m2, and which is mainly attributed to sialic
cid (pKa = 2.6) and some undetermined, bound carboxylic acid
pKa = 3.35). In addition to both surface morphology and surface
harged condition for cell membrane, the contact angle between
he membrane protein and the lipid bilayer also increases the com-
lexity in mathematical modeling [11]. Hence, in view of these,

n the capillary electrophoresis, frequently used in the analysis of

ell membrane, understanding both the surface morphology and
he charged condition on membrane via solving EDL configuration
eems also to be requisite.
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Usually for mathematical modeling, the associated (loaded)
polymer chains on a colloidal particle are considered as a soft layer
[12,13], wherein, the polymer chains are taken as a homogeneous
charged layer. For mathematical calculation, this may be fruit-
ful, however more or less, some realistic conditions may become
ambiguous, depending on the distribution of loaded polymer chains
on the surface of particle. Limited works in the literature discuss the
arbitrary surface morphology on the colloidal particle, not to men-
tion the heterogeneous distribution of surface charges. Little works
analyze the effect of irregular surface morphology on the colloidal
particle based on Deryaguin approximation [14] or Fourier series
[15–18], and the analyses reveal that little surface roughness or
undulation may lead to significant variation in EDL configuration.
The numerical result from a previous work [19] also shows that,
slight undulation of a charged surface may result in a significant
variation of fluid velocity near the surface. Therefore, to deal with
both the complexity of surface morphology and charged condition,
an attempt is made in this work to solve EDL configuration near
a charged surface system possessing simultaneously the arbitrary
geography and the arbitrary charge distribution. And for this, a dis-
similar charged protrusions (DCP) surface model in an electrolyte
solution, which gives consideration to complexity of these two in
mathematical modeling, is suggested. The solution for this elemen-
tary, novel model based on Fourier series is introduced, and the
discussion is confined to the condition of little surface roughness
or protrusion, wherein the perturbation technique is applied.

2. Mathematical modeling

The dissimilarly charged protrusions surface model under
consideration, which is immersed in an electrolyte solution, is illus-
trated in Fig. 1(a). This charged surface model is a one-dimensional,
infinite, periodic, charged surface, wherein within each period of
charged surface system, there are two distinct regions, including
the dissimilarly charged protrusion, of which the surface charge
density is �p, and the flat surface, of which the surface charge den-
sity is�f. Assuming that the height of charged surface system varies
periodically along the abscissa, it can be described within a period
by a piecewise-defined function as

Hs(X) = εfs(X) (1)

fs(X) =
{
fp(X), X ∈ [−Xp/2, Xp/2]
0, X ∈ [−Lx/2,−Xp/2) and (Xp/2, Lx/2]

(2)

In these equations above and in Fig. 1(a), the lengths are scaled by
Debye length, �−1, and they are X =�x, Y =�y, Z =�z, Xp =�xp, Lx =�lx,
and Hs(X) =�hs(x), where x, y, z are the axes of Cartesian coordinate,
xp and lx denote respectively the length of protrusion base and the
period of charged surface system, hs(x) is the height function of
charged surface system, and ε denotes a small perturbation param-

eter. The Debye–Huckel parameter � is defined as (2IF2/εesRT)
1/2
,

where I, F, R, T, and εes are the ionic strength of electrolyte solu-
tion, the Faraday constant, the gas constant, the temperature, and
the permittivity of electrolyte solution, respectively, and the ionic
strength of electrolyte solution is defined by I =

∑n
i=1z

2
i
c0
i
/2,with

zi, c0
i
, and n being the valence of i-th ion species, the concentra-

tion of i-th ion species in the bulk solution, and the total number
of ion species, respectively. For mathematical convenience, in each
period of charged surface system, we consider the condition of sym-
metric geometry, and the origin has been chosen as the symmetric
center, as this figure shows. In present study, we discuss the con-
charged surface system is assumed the form as Eq. (1), a shape
function fs(X) multiplied by the perturbation parameter, wherein
the piecewise-defined function fs(X) is defined by fp(X) (the shape
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Fig. 1. (a) Schematic representation for the dissimilarly charged protrusions surface
model in an electrolyte solution under consideration. (b) Lateral view for the charged
s
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urface model, where the solid curves and the dot lines denote the protrusions with
urface charge density ˙p , and the flat surfaces with surface charge density ˙f ,
espectively. (c) Charged condition of the charged surface model,˙s(X).

unction of protrusion) in the region of protrusion, and 0 in the
egion of flat surface, respectively. The lateral view of charged sur-
ace system is shown in Fig. 1(b). The surface charge density �s(x)
n our charged surface can also be described within a period by a
iecewise-defined function as

s(X) =
{
˙p,X ∈ [−Xp/2, Xp/2]
˙f ,X ∈ [−Lx/2,−Xp/2) and (Xp/2, Lx/2]

(3)

here the dimensionless terms are defined by˙s(X) =�s(x)/2IF�−1,
p =�p/2IF�−1, and ˙f =�f/2IF�−1, respectively. Fig. 1(c) illus-

rates the function ˙s(X). Based on both the values of Xp and
x, the charged surface model such defined similar to Eqs.
1)–(3) is capable of simulating a charged surface composed of
rbitrary geography and charged condition, and which will be
iscussed in Section 4. Under Debye–Huckel approximation, the

inearized Poisson–Boltzmann equation in electrolyte solution can
e expressed as follows:

∂2 ∂2 
∂X2
+
∂Z2

− = 0 (4)

here  = F�/RT, with � being the electrical potential field of EDL.
he associated boundary conditions for Eq. (4) could be summa-
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rized as the following:

∂ 

∂X

∣∣∣∣
X=0

= ∂ 

∂X

∣∣∣∣
X=Lx/2

= 0 (5)

εes (−∇�)
∣∣
z=hs(x)ns(x) = �s(x),or

−εdfs(X)
dX

∂ 

∂X

∣∣∣∣
Z=Hs(X)

+ ∂ 

∂Z

∣∣∣∣
Z=Hs(X)

+
[
ε2

(
dfs(X)

dX

)2

+ 1

]1/2

˙s(X) = 0 (6)

lim
Z→∞

 = 0 (7)

where ns is the unit normal vector of charged surface (outward),
and according to Eq. (1), it can be expressed as

ns = 〈−εdfs(X)/dX,0,1〉
[ε2(dfs(X)/dX)2 + 1]

1/2
(8)

In these boundary conditions, i.e. Eqs. (5)–(7), Eq. (5) describes the
symmetry of charged surface system at both X = 0 and X = Lx/2, Eq.
(6) implies the continuity of the normal component of displace-
ment field across the charged surface, where we have assumed that
there is no electrical field in the region under the charged surface
for mathematical simplicity, and Eq. (7) implies the vanishment
of electrical potential field at infinity.For the solution of electrical
potential field, we express it as an asymptote expansion series with
respect to ε:

 (X, Z) =
∞∑
i=0

εi i(X, Z) (9)

where i(X, Z) denotes the i-th order term for (X, Z). Substitution
of the equation above into Eq. (4) leads to

∞∑
i=0

εi
(
∂2 i
∂X2

+ ∂2 i
∂Z2

− i
)

= 0 (10)

Setting the coefficients of terms of each order in the equation above
equal to zero, and with the aid of Eqs. (5) and (7), the terms of
each order for  (X, Z) could be expressed by the eigenfunction
expansions as

 i(X, Z) =
∞∑
j=0

ci,j cos
(

2�jX
Lx

)
e−(1+4�2j2/L2

x )
1/2
Z (11)

where ci,j means the coefficient of j-th eigenfunction for the i-th
order term  i(X, Z), and which needs to be determined by Eq. (6)
with the aid of orthogonality of Fourier cosine series. The boundary
condition on the charged surface, expressed by Eq. (6), is an irreg-
ular boundary condition, therefore before applying Eq. (6), some
terms in this equation need to be expanded as asymptote expansion
series, and they are

∂ 

∂X

∣∣∣∣
Z=Hs(X)

= ∂ 

∂X

∣∣∣∣
Z=0

+ ∂2 

∂Z∂X

∣∣∣∣
Z=0

εfs(X) + O(ε2) (12)
∂ 

∂Z

∣∣∣∣
Z=Hs(X)

= ∂ 
∂Z

∣∣∣∣
Z=0

+ ∂2 

∂Z2

∣∣∣∣
Z=0

εfs(X)+1
2
∂3 

∂Z3

∣∣∣∣
Z=0

ε2f 2
s (X)+O(ε3)

(13)
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ε2
(

dfs(X)
dX

)2

+ 1

]1/2

= 1 + 1
2
ε2

(
dfs(X)

dX

)2

+ O(ε4) (14)

y substitution of these expansion series above into Eq. (6), we have
fter rearrangement

∂ 0

∂Z

∣∣∣∣
Z=0

+˙s(X)

)
+ ε

(
−dfs(X)

dX
∂ 0

∂X

∣∣∣∣
Z=0

+ ∂ 1

∂Z

∣∣∣∣
Z=0

+fs(X)
∂2 0

∂Z2

∣∣∣∣
Z=0

)
+ ε2

[
−dfs(X)

dX
∂ 1

∂X

∣∣∣∣
Z=0

−fs(X)
dfs(X)

dX
∂2 0

∂Z∂X

∣∣∣∣
Z=0

+ ∂ 2

∂Z

∣∣∣∣
Z=0

+ fs(X)
∂2 1

∂Z2

∣∣∣∣
Z=0

+1
2
f 2
s (X)

∂3 0

∂Z3

∣∣∣∣
Z=0

+1
2

(
dfs(X)

dX

)2

˙s(X)

]
+ O(ε3) = 0 (15)

etting the coefficients of terms of each order in this equation above
qual to zero, we arrive at the following identities:

∂ 0

∂Z

∣∣∣∣
Z=0

= −˙s(X) (16)

∂ 1

∂Z

∣∣∣∣
Z=0

= dfs(X)
dX

∂ 0

∂X

∣∣∣∣
Z=0

− fs(X)
∂2 0

∂Z2

∣∣∣∣
Z=0

(17)

∂ 2

∂Z

∣∣∣∣
Z=0

= dfs(X)
dX

∂ 1

∂X

∣∣∣∣
Z=0

+ fs(X)
dfs(X)
dX

∂2 0

∂Z∂X

∣∣∣∣
Z=0

− fs(X)
∂2 1

∂Z2

∣∣∣∣
Z=0

− 1
2
f 2
s (X)

∂3 0

∂Z3

∣∣∣∣
Z=0

− 1
2

(
dfs(X)

dX

)2

˙s(X) (18)

t last, substituting the expressions for each order term i(X, Z) in
q. (11) into these identities above, we obtain the coefficients ci,j
ith the aid of orthogonality of Fourier cosine series, and they are

ummarized as the following:

0,0 = 2
Lx

Lx/2∫
0

˙s(X)dX = 2
Lx

⎛
⎜⎝
Xp/2∫

0

˙pdX +
Lx/2∫
Xp/2

˙f dX

⎞
⎟⎠

= Xp
Lx

(˙p −˙f ) +˙f (19)

0,j = 4

(1 + 4�2j2/L2
x )

1/2
Lx

Lx/2∫
0

˙s(X) cos
(

2�jX
Lx

)
dX

= 4

(1 + 4�2j2/L2
x )

1/2
Lx

⎛
⎝Xp/2∫

0

˙p cos
(

2�jX
Lx

)
dX

+
Lx/2∫
Xp/2

˙f cos
(

2�jX
Lx

)
dX

⎞
⎟⎠

2(˙p −˙f ) sin(�jXp/Lx)

(1 + 4�2j2/L2
x )

1/2
�j

j = 1,2,3, . . . (20)
1,0 = 2
Lx

Xp/2∫
0

(
−dfp(X)

dX
∂ 0

∂X

∣∣∣∣
Z=0

+ fp(X)
∂2 0

∂Z2

∣∣∣∣
Z=0

)
dX (21)
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c1,j = 4

(1 + 4�2j2/L2
x )

1/2
Lx

Xp/2∫
0

(
−dfp(X)

dX
∂ 0

∂X

∣∣∣∣
Z=0

+fp(X)
∂2 0

∂Z2

∣∣∣∣
Z=0

)
cos

(
2�jX
Lx

)
dX j = 1,2,3, . . . (22)

c2,0 = 2
Lx

Xp/2∫
0

[
−dfp(X)

dX
∂ 1

∂X

∣∣∣∣
Z=0

− fp(X)
dfp(X)

dX
∂2 0

∂Z∂X

∣∣∣∣
Z=0

+fp(X)
∂2 1

∂Z2

∣∣∣∣
Z=0

+1
2
f 2
p (X)

∂3 0

∂Z3

∣∣∣∣
Z=0

+1
2

(
dfp(X)

dX

)2

˙p

]
dX

(23)

c2,j = 4

(1 + 4�2j2/L2
x )

1/2
Lx

Xp/2∫
0

[
−dfp(X)

dX
∂ 1

∂X

∣∣∣∣
Z=0

−fp(X)
dfp(X)

dX
∂2 0

∂Z∂X

∣∣∣∣
Z=0

+ fp(X)
∂2 1

∂Z2

∣∣∣∣
Z=0

+1
2
f 2
p (X)

∂3 0

∂Z3

∣∣∣∣
Z=0

+ 1
2

(
dfp(X)

dX

)2

˙p

]
cos

(
2�jX
Lx

)
dX

j = 1,2,3, . . . (24)

And the solution of electrical potential field to the term of second-
order could be expressed as

 (X, Z) ∼=
∞∑
j=0

c0,j cos
(

2�jX
Lx

)
e−(1+4�2j2/L2

x )
1/2
Z

+ ε
∞∑
j=0

c1,j cos
(

2�jX
Lx

)
e−(1+4�2j2/L2

x )
1/2
Z

+ ε2
∞∑
j=0

c2,j cos
(

2�jX
Lx

)
e−(1+4�2j2/L2

x )
1/2
Z (25)

3. Numerical calculation of coefficients ci,j

The coefficients of the zero-order term  0(X, Z), c0,j, are ana-
lytical, as are expressed in Eqs. (19) and (20). In calculation of
coefficients of higher-order terms, they will need the knowledge
of coefficients of lower-order terms, as is shown through Eqs.
(21)–(24). Since fs(X) (also dfs(X)/dX) is zero in the region of flat
surface, the upper limit of integration in these integral equations
is Xp/2. As can be seen from these equations, the derivation of
coefficients of higher-order terms is a nontrivial work. There are
two possible approaches to this. One approach is expanding both
fp(X) and dfp(X)/dX into their Fourier cosine series, using the deriva-
tives of known lower-order term(s) via direct differentiation term

by term from the forms in Eq. (11) at Z = 0, and calculating the
coefficients ci,j by the integration on the right-hand side in these
equations. However, this approach is found not applicable. Among
the derivatives of lower-order terms via direct differentiation term
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y term using the forms in Eq. (11) at Z = 0, some series might
iverge. For example,

∂ 0

∂X

∣∣∣∣
Z=0

= −
∞∑
k=1

2�kc0,k
Lx

sin
(

2�kX
Lx

)
(26)

hich is convergent from the fact that,

2�kc0,k
Lx

= 4(˙p −˙f ) sin(�kXp/Lx)

(1 + 4�2k2/L2
x )

1/2
Lx

(27)

ut this derivative,

∂3 0

∂Z3

∣∣∣∣
Z=0

= −
∞∑
k=0

(
1 + 4�2k2

L2
x

)3/2

c0,k cos
(

2�kX
Lx

)
(28)

s divergent from the fact that,

1 + 4�2k2

L2
x

)3/2

c0,k = 2(1 + 4�2k2/L2
x )(˙p −˙f ) sin(�kXp/Lx)

�k
(29)

f sin (�kXp/Lx) /= 0. Another approach, a successful approach, is
esorting to both numerical differentiation and numerical integra-
ion. The derivatives of known lower-order term(s) at Z = 0 in the
ntegrands in Eqs. (21)–(24) could be estimated through its (their)

easured values using the Newton’s central difference (a speedily
onvergent, second-order method). For some derivatives of known
ower-order terms at Z = 0, the Newton’s central difference can be
pplied directly, including ∂ i/∂X

∣∣
Z=0

and ∂2 i/∂X
2
∣∣
Z=0
, how-

ver it cannot be applied directly for the others. These derivatives
an be rewritten through some identities for the application of
ewton’s central difference. For ∂2 i/∂Z

2
∣∣
Z=0
, with the aid of Eq.

10), it can be rewritten by

∂2 i
∂Z2

∣∣∣∣
Z=0

= − ∂
2 i
∂X2

∣∣∣∣
Z=0

+ i(X,0) (30)

or ∂2 0/∂Z∂X
∣∣
Z=0
, it can be rewritten with the aid of Eq. (16) as

∂2 0

∂Z∂X

∣∣∣∣
Z=0

=
(
∂

∂X

∂ 0

∂Z

)∣∣∣∣
Z=0

= d
dX

(
∂ 0

∂Z

∣∣∣∣
Z=0

)
= −d˙s(X)

dX
(31)

here according to Eq. (3), the last term in this equation is equal to
for X ∈ [0, Xp/2), and therefore this derivative is equal to zero. For
∂3 0/∂Z3

∣∣
Z=0
, according to Eq. (10), it can be rewritten as

∂3 0

∂Z3

∣∣∣∣
Z=0

= − ∂3 0

∂X2∂Z

∣∣∣∣
Z=0

+ ∂ 0

∂Z

∣∣∣∣
Z=0

(32)

here these two terms in the right-hand side can be rewritten via
q. (16), and this equation above becomes

∂3 0

∂Z3

∣∣∣∣
Z=0

= d2˙s(X)
dX2

−˙s(X) (33)

here according to Eq. (3) again, the first and the second terms in
he right-hand side are equal to 0 and −˙p for X ∈ [0, Xp/2) respec-
ively. At last, substituting the rewritten forms of the derivatives
Eqs. (30) and (33)) into Eqs. (21)–(24), and using the Newton’s
entral difference, together with the expressions of both fp(X) and
fp(X)/dX, we thus obtain the undetermined coefficients ci,j via the
umerical integration.

. Results and discussion
In evaluating the electrical potential field, the asymptote
xpansion series, expressed in Eq. (9), could be expanded to a
igher-order term if needed, and the derivation for higher-order
Fig. 2. (a) The solution surface of  (X, Z) on X–Z plane. (b) The lateral view of  (X,
Z) along the direction parallel to Z axis, where the surface electrical potential  s is
also shown in this figure. Lx = 2, ε= 0.1,˙p = − 1.

terms is quite similar to that of lower-order terms, but numeri-
cal calculation will be more laborious. In our present calculation,
we expand it to the second-order term, as is shown in Eq. (25), for
the accuracy by Eq. (25) is high enough for the values of ε used in
present calculation (up to 0.1 ultimately). The number of terms in
each eigenfunction expansion series for each order term, shown in
Eq. (11), is taken as 50 initially, doubled in the succeeding itera-
tion, and iteration is stopped when the values of each order term
of  in two successive iterations are different from each other by
a tolerance less than 1 × 10−4. Numerical calculations show that,
the number of terms in the eigenfunction expansion series of each
order term needed is 400 at the utmost. For illustration of the sug-
gested methodology, a polynomial form for the shape function of
protrusion is chosen, which can be expressed as

fp(X) = 16

∣∣∣∣ XXp
∣∣∣∣
3

− 12

(
X

Xp

)2

+ 1 (34)

This polynomial shape function has its values equal to 1 and 0 at
X = 0 and X = ± Xp/2, respectively, and also has its derivative equal
to zero at these points. In addition, it is symmetric about the Z axis.
Moreover, Xp = 1, and ˙f = − 0.5. The dimensionless form of sur-
face charge density˙s(X) (or˙p and˙f) has its physical meaning.
When a flat, uniformly charged surface is under consideration, it
is equal to the value of  on surface. Therefore, for applicability
of Debye–Huckel approximation, its value is confined to 1 at the
utmost in our analysis. Fig. 2 demonstrates the numerical result
of electrical potential field for our charged surface system when
Lx = 2, ε= 0.1, and˙p = − 1. In this figure, to display the surface elec-
trical potential on protrusion, we have made the grids of X axis
(meridians) equally spaced, and the grids of Z axis (parallels) spaced
according to the intersections between the grids of X and the sur-
face of protrusion in the region lower than the vertex of protrusion.
The electrical potential field of our charged surface system is sym-

metric about three planes, including X = 0, and X = ± Lx/2. From the
solution surface of  (X, Z) shown in Fig. 2(a), the electrical poten-
tial field appears mainly a strong function of X in both the regions
above and below the vertex of protrusion, and in the meanwhile,
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tion of dissimilarly charged flat surfaces, and that is that when ε= 0
(referring to Fig. 3(b)). The electrical potential field in this condition
ig. 3. Comparison with three special conditions, including (a) an isolated dissimi
harged protrusions. The solid curves, the solid lines, and the dot lines denote the p

t shows a depression near the protrusion, wherein the lowest of
epression seems to be near the interface between the protrusion
nd the flat surface (X = ± Xp/2). To understand the distribution of
lectrical potential field in a more detailed manner, we depict the
ateral view of (X, Z) along the direction parallel to Z axis, together

ith the surface electrical potential s(X) of charged surface system
a function of X), as is illustrated in Fig. 2(b). Along each merid-
an from the charged surface (going deeper into the electrolyte
olution), the magnitude of  decreases; along each parallel from
= ± Lx/2, the magnitude of  increases, and it reaches to a max-

mum on the surface of protrusion (or at X = 0). The latter reveals
he fact that the surface charge density on protrusion surface is
reater than that of on flat surface in magnitude, i.e.

∣∣˙f ∣∣< ∣∣˙p∣∣ .
he surface electrical potential s shows a more interesting distri-
ution. The magnitude of  s increases for a start from X = ± Lx/2,
eaches to a maximum near X = ± Xp/2, and decreases gradually to
minimum at the vertex of protrusion, wherein the minimum is

ar higher than its magnitude at X = ± Lx/2. There are two effects
n the main which are responsible for this. One is the strength of
harges on charged surface system, and the other is the concav-
ty of surface, wherein the latter has been discussed in a previous

ork [18], and the analysis from this work shows that the concave
nward/outward on a charged surface will strengthen/weaken the

agnitude of electrical potential field. Basically, the magnitude of
s on protrusion surface is presumably greater than that on flat

urface, since
∣∣˙f ∣∣< ∣∣˙p∣∣ . However, these two concavities near

he vertex of protrusion (X = 0) and near the interface between the
rotrusion and the flat surface (X = ± Xp/2), where they are respec-
ively concave outward and inward (referring to Fig. 1(b)), would
eaken and strengthen the magnitude of s respectively. As a con-

equence, considering both of these two effects, i.e. the strength of
harges on charged surface system and the concavity of surface,
he surface electrical potential  s appears an interesting profile
hown in this figure. These two effects are also responsible for the
ehavior of electrical potential field in the region near the charged
urface.

The purpose of present work is mainly the presentation of
oth the suggested charged surface model and the methodology

ntroduced, however, there are some important subjects worthy
f discussion here. Fig. 3 illustrates these subjects under consider-
tion. In the first subject, we discuss the condition of an isolated
issimilarly charged protrusion (referring to Fig. 3(a)), which is

uite useful when we concern the electrostatic phenomenon of a

ocal protrusion. The suggested charged surface model could easily
imulate this condition. When the period of charged surface system
x is extended to a quite large value, EDL configuration approaches
harged protrusion, (b) the dissimilarly charged flat surfaces, and (c) the similarly
ions, the dissimilarly charged flat surfaces, and the flat surfaces, respectively.

to that in this condition. Fig. 4(a) and (b) demonstrate respectively
the solution surface and the lateral view of (X, Z) along the direc-
tion parallel to Z axis when Lx = 4, ε= 0.1, and ˙p = − 1. Compared
with Fig. 2 it is found that, when the period of charged surface sys-
tem is increased, the distance between two neighbor protrusions
also increases, and correspondingly, the effect from the charges
on protrusions become weaker. Therefore, the magnitude of  
decreases as a whole. From the parallels shown in Fig. 4(b), it is
also found that, when the protrusion is isolated, the dependence
of  on X becomes stronger, due to the isolation of protrusion.
Although the electrical potential field becomes weaker in its mag-
nitude, its behavior is quite similar to that in Fig. 2, including the
surface electrical potential  s. The second subject discusses the
effect of protrusion. To do this, we calculate  (X, Z) in the condi-
Fig. 4. (a) The solution surface of  (X, Z) on X–Z plane. (b) The lateral view of  (X,
Z) along the direction parallel to Z axis, where the surface electrical potential  s is
also shown in this figure. Lx = 4, ε= 0.1,˙p = − 1.
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Fig. 5. (a) The solution surface of  (X, Z) on X–Z plane. (b) The lateral view of  (X,
Z
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Fig. 6. (a) The solution surface of  (X, Z) on X–Z plane. (b) The lateral view of  (X,
) along the direction parallel to Z axis, where the surface electrical potential  s is
lso shown in this figure. Lx = 2, ε= 0,˙p = − 1.

s the zero-order term in (25), or in mathematical expression:

0(X, Z) =
[
Xp
Lx

(˙p −˙f )+˙f
]
e−Z+

∞∑
j=1

2(˙p −˙f ) sin(�jXp/Lx)

(1 + 4�2j2/L2
x )

1/2
�j

cos
(

2�jX
Lx

)
e−(1+4�2j2/L2

x )
1/2
Z (35)

he solution surface and the lateral view of (X, Z) along the direc-
ion parallel to Z axis when Lx = 2, ε= 0, and˙p = − 1 are illustrated
n Fig. 5(a) and (b) respectively. Compared with Fig. 2, it is found
urprisingly that, the electrical potential field does not seem to be
ffected significantly by the presence of protrusion, except that its
agnitude is strengthened slightly. The parallels at each level of
shown in Fig. 5(b) are quite similar to those in Fig. 2(b). This

an be realized if we consider the concavity of protrusion surface
entioned above. When the protrusion surface protrudes into the

lectrolyte solution, it is likely to increase the magnitude of electri-
al potential field nearby. However in the meantime, the concave
utward of protrusion will reduce the effect of charges on protru-
ion surface. As a consequence, these two effects offset each other,
nd (X, Z) remains unchanged almost. For the condition of dissim-
larly charged flat surfaces, since the dissimilarly charged surfaces
o not protrude into the electrolyte solution, from X = ± Lx/2, the
agnitude of  s increases gradually, and reaches to a maximum

t X = 0, as is shown in Fig. 5(b). The last subject discusses the
ffect of dissimilarly charged condition on protrusions (referring
o Fig. 3(c)). To understand this effect, we set the surface charge
ensity on protrusions being the same with that on flat surface
similarly charged protrusions), i.e. ˙p =˙f, and the solution sur-
ace and the lateral view of (X, Z) along the direction parallel to Z
xis are depicted in Fig. 6(a) and (b) respectively, where in these two
gures, Lx = 2, ε= 0.1, and˙p =˙f = − 0.5. Compared with Fig. 2, we

nd that, dissimilarly charged condition could lead to large change
f electrical potential field, in both its magnitude and its distribu-
ion. For condition of similarly charged protrusions, for the same
eason mentioned above that, two effects, including the depth into
Z) along the direction parallel to Z axis, where the surface electrical potential  s is
also shown in this figure. Lx = 2, ε= 0.1,˙p =˙f = − 0.5.

the electrolyte solution for the protrusion, and the concave out-
ward of protrusion, offset each other, the distribution of  (X, Z)
is quite similar to that for the condition of completely flat surface
carrying uniform charges with its surface charge density ˙f. Con-
sequently, if we consider the discussion in the second subject, it
can be concluded that, the effect of dissimilarly charged condition
on EDL configuration is nearly independent of the geography of
charged surface system.

In present work, for illustration, we designate the shape func-
tion of protrusion as a polynomial form, and the surface charge
density of both protrusion and flat surface as a constant. However,
this condition is just a special one that the methodology suggested
here could deal with. According to Eqs. (19)–(24), derivation of coef-
ficients ci,j needs only the knowledge of both the shape function of
protrusion and the form of surface charge density on our charged
surface system. Therefore, this suggested model can be applied on
any form of shape function of protrusion (even the shape function
has jumps), for example, the rectangular, the indentation (protru-
sion downward), the triangular, the circular (referring to Fig. 7),
and so forth. In the meanwhile, it is also applicable for any form of
charged condition on charged surface system, not confined to the
condition of step form in our illustration, as is shown in Fig. 1(c).
In addition to these above, the applicability of present charged sur-
face model is not confined to the condition of symmetry geometry.
In the demonstration in present work, the symmetry geometry is
introduced for solely mathematical simplicity, and based on such
an assumption, only the cosine-form eigenfunctions in Eq. (11)
need to be considered. When a condition of asymmetric geome-
try is under consideration, the sine-form eigenfunctions should be
also taken into account in Eq. (11). Nevertheless, this solely raises
the calculation work, and does not raise the complexity of com-
puting algorithm used. For conceptual presentation, the suggested
methodology is here illustrated on a one-dimensional charged sur-

face, however, it can be extended directly to a more general, more
realistic, two-dimensional charged surface, and this will be a focal
point in our oncoming work.
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Fig. 7. Illustration for the variant of protrusions, including (a) the

. Conclusions

In this work, combining both the conditions of dissimilarly
harged flat surfaces and similarly charged protrusions, we success-
ully derive the semi-analytical solution for EDL configuration near

dissimilarly charged surface model, a model simulating simul-
aneously both arbitrary surface geography and surface charged
ondition. The coefficients in eigenfunction expansions for the solu-
ion are estimated accurately via both numerical difference and
umerical integration. Some important conclusions from the anal-
sis could be summarized as follow:

1) When the period of charged surface system increases, the
electrical potential field becomes a more stronger function of
abscissa, however its magnitude gets smaller.

2) The electrical potential field does not be affected significantly
by the presence of protrusions.

3) Dissimilarly charged condition would affect largely the elec-
trical potential field in both its magnitude and its distribution,
and also, its effect is nearly independent of the geography of
charged surface system.
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