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a  b  s  t  r  a  c  t

The  electrophoresis  of a soft  particle  comprising  a rigid  core  and  a charged  porous  membrane  layer  in  a
narrow  space  is modeled.  This simulates,  for  example,  the  capillary  electrophoresis  of biocolloids  such  as
cells and  microorganisms,  and  biosensor  types  of  device.  We  show  that,  in  addition  to  the  boundary  effect,
the effects  of  double-layer  polarization  (DLP)  and  the  electroosmotic  retardation  flow  can  be significant,
yielding  interesting  electrophoretic  behaviors.  For  example,  if  the  friction  coefficient  of  the  membrane
layer  and/or  the  boundary  is  large,  then  the  DLP  effect  can be offset  by the  electroosmotic  retardation  flow,
making  the  particle  mobility  to  decrease  with  increasing  double  layer  thickness,  which  is qualitatively
consistent  with  many  experimental  observations  in  the  literature,  but  has  not  been  explained  clearly  in
previous  analyses.  In addition,  depending  upon  the thickness  of  double  layer,  the  friction  of  the  membrane
oundary effect
ouble-layer polarization
lectroosmotic retardation flow

layer  of  a particle  can either  retard  or  accelerate  its movement,  an  interesting  result  which  has  not
been  reported  previously.  This  work  is the  first attempt  to show  solid  evidence  for  the  influence  of  a
boundary  on  the effect  of DLP and  the  electrophoretic  behavior  of soft  particles.  The  model  proposed  is
verified  by  the experimental  data  in  the literature.  The  results  of  numerical  simulation  provide  valuable
information  for  the  design  of bio-analytical  apparatus  such  as  nanopore-based  sensing  applications  and
for the interpretation  of  relevant  experimental  data.
. Introduction

Electrophoresis has been applied widely in many areas of fun-
amental and practical significance. Recent advances in fabrication
echniques further extend its application to small-scaled opera-
ions such as capillary electrophoresis [1,2], lab-on-a-chip devices
3,4], biosensors [5], and nanopore sensing technology [6–8]. In
hese cases, because the available space for electrophoresis is
arrow, the electrophoretic behavior of a particle is influenced

nevitably by the boundary of a device. This effect is usually ignored
n the early stage of electrophoresis analysis. In fact, the presence
f a boundary can have a profound influence on that behavior. For
xample, if a particle is sufficiently close to a surface, then its elec-
rophoretic velocity can be either raised or reduced, depending
pon the neighboring conditions [9–11]. It is also possible that the
irection of electrophoresis is altered by a nearby surface [12,13].

Conventional electrophoresis analysis focused mainly on a rigid

article, where its surface is impenetrable to ionic species and fluid
edium. Recently, a more general type of particle, namely, soft

r fuzzy particle, is proposed to simulate biocolloids such as cells
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and microorganisms and inorganic particles covered by an artificial
membrane layer [14–18].  A soft particle comprises a rigid core and a
porous layer, which is penetrable to ionic species and fluid medium.
Note that a rigid particle can be viewed as the limiting case of a soft
particle where its porous layer is infinitely thin. On the other hand,
if the rigid core of a soft particle is infinitely small, then it becomes
entirely porous. Polyelectrolytes such as DNA, proteins, and poly-
mer  gels, for instance, belong to this category [19,20]. In addition to
the charge on the surface of its rigid core, the porous layer of a soft
particle is also capable of carrying charge, which comes from, for
example, the dissociation/association reactions of function groups.
This implies that the electrophoretic behavior of a soft particle can
be more complicated than that of the corresponding rigid particle.

Several attempts have been made recently on the modeling of
the electrophoresis of soft particles. Ohshima [21–27], for exam-
ple, conducted a series of theoretical studies on the electrophoretic
behaviors of soft particles under the conditions of weak applied
electric field and low surface potential. The latter assumption
implies that the effect of double-layer polarization (DLP), one of the
interesting phenomena in electrophoresis coming from the defor-

mation of double layer when the particle is in motion [28], can
be neglected. Under the same conditions, Zhang et al. [29] and
Hsu et al. [30,31] investigated further the boundary effect on the
electrophoretic behavior of a soft particle by considering the elec-
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ing the particle can be asymmetric. Under these conditions, the
equations governing the present problem can be summarized as
following [47]:
60 L.-H. Yeh et al. / Colloids and Surfa

rophoresis of a soft toroid [30] and a sphere [29,31] along the axis
f a cylindrical pore. Yeh et al. [32] analyzed the electrophoresis of a
embrane-coated cylinder positioned eccentrically along the axis

f a cylindrical pore for the case of arbitrary double-layer thick-
ess, which is a three-dimensional problem. Taking the effect of
LP, which usually retards the particle motion, into account, Sav-

lle [33] and Hill et al. [34] studied the electrophoresis of an isolated
oft spherical particle in an unbounded electrolyte solution. It was
ound that the effect of DLP can be significant when the charge den-
ity of a soft particle is high. Those analyses were extended by Lee
t al. [35] to take the effect of particle concentration into account.
he influence of a boundary on the electrophoretic behavior of a soft
phere for the case of an arbitrary level of surface potential, where
pplying a nonlinear Poisson–Boltzmann equation to describe the
lectrical potential is necessary, was analyzed by several investiga-
ors through considering various geometries [36–38].

Two types of soft particle have been considered in previous the-
retical studies. For convenience, we define type I soft particle as
he one with a charged rigid core having a constant surface poten-
ial and an ion-penetrable porous layer [25–27,31–38], and type II
oft particle as the one with an uncharged rigid core and a poly-
lectrolyte membrane layer [21–24,29,30]. Note that a Neumann
ype of boundary condition, imposing a zero charge density on the
urface of the rigid core of a particle, is applied in case of type II soft
article. Therefore, the electrical potential on that surface, known
s Donnan potential [17,21], varies with the physicochemical prop-
rties of the membrane layer of the particle and the electrolyte
oncentration. This model predicts that the electrophoretic mobil-
ty of a particle decreases with decreasing double layer thickness
24]. This is consistent with the behavior of biocolloids such as cells,
roteins, microorganisms, and inorganic particle covered by a bio-

ogical membrane layer [18,20,39,40].  On the other hand, a Dirichlet
ype of boundary condition, imposing a constant potential on the
urface of the rigid core of a particle, is applied in the case of type

 soft particle. In this case, the electrophoretic mobility of a par-
icle increases with decreasing double layer thickness, in general
25–27,31–38]. This phenomenon is similar to that of a rigid particle
aving a constant surface potential [9–13].

Taking the effect of DLP into account, the influence of a boundary
n the electrophoretic behavior of a soft biocolloid (type II soft par-
icle) is investigated in this study by considering the electrophoresis
f a soft sphere in a spherical cavity. This geometry was adopted
y Zydney [41] to simulate the electrophoresis of a rigid sphere in

 porous medium, and by others to model that of a concentrated
ispersion [42,43]. As pointed out by Lee et al. [44], although the
phere-in-spherical cavity model is an idealized one, it is relatively
imple in mathematical representation and can be used to predict
he behavior of a sphere in a cylindrical pore. The electrophoretic

obility of the particle under various conditions is examined in
etail through varying the thickness of double layer, the position
f the particle in the cavity, the properties of the membrane layer of
he particle, and the size of the cavity. Since the position of the par-
icle is arbitrary, the geometry considered is capable of simulating

ore realistically the experiments in practice, such as the charac-
erization of biocolloids by capillary electrophoresis [18,39,40] and
he electrophoretic translocation of protein [45,46] and DNA [6–8],
hrough a nanopore. This study is also aimed to provide theoretical
ackground for the interpretation of the dependence of the elec-
rophoretic mobility of biocolloids on salt concentration usually
bserved in experiments.
. Theory

The problem under consideration is illustrated in Fig. S1 of Sup-
lementary Material, where a soft sphere of radius a comprising a
 Biointerfaces 88 (2011) 559– 567

rigid core of radius (a–c) and an ion-penetrable membrane layer of
thickness c at an arbitrary position in a spherical cavity of radius
b is driven by an applied uniform electric field E of strength E in
the z-direction. The cylindrical coordinate (r,�,z) is adopted with
the origin located at the center of the cavity, and the center of
the particle is at z = m.  Let � = a/b and M = 100% × [m/(b − a)] be the
relative size of the cavity and the relative position of the particle,
respectively. Note that the larger the � or M the more important
the boundary effect is. The cavity is filled with an aqueous, incom-
pressible Newtonian fluid containing z1:z2 electrolytes with z1 and
z2 being the valences of cations and of anions, respectively.

If we  let �, nj, p, and v be the electrical potential, the number
concentration of ionic species j, the pressure, and the fluid veloc-
ity relative to the particle, respectively, then, because the present
problem is �-symmetric, the electric, the concentration, and the
flow fields of the present problem can be described by [17,47]

∇2� = −� + h(r, z)�fix

ε
, (1)

∇ ·
[
−Dj(∇nj + zje

kBT
nj∇�) + njv

]
= 0 (2)

∇ · v = 0 (3)

−∇p + �∇2v − �∇� − h(r, z)�v = 0 (4)

Here, O2 and O are the Laplace operator and the gradient opera-
tor, respectively; ε, � (=

∑2
j=1zjenj), and �fix are the permittivity

of the fluid phase, the space charge density of mobile ions, and the
fixed charged density of the membrane layer, respectively; Dj and
zj are the diffusivity and the valance of ionic species j, respectively;
e, kB, and T are the elementary charge, the Boltzmann constant, and
the absolute temperature, respectively; � is the fluid viscosity; �
is the hydrodynamic frictional coefficient of the membrane layer
per unit volume; h(r,z) = 0 for the region outside the particle, and
h(r,z) = 1 for the region inside the membrane layer. Eq. (2),  which
implies that the mobile ions can be driven by the flow of fluid, the
ionic concentration gradient, and the electric field, is a statement of
the conversation of ionic species j. Eqs. (3) and (4) are the continu-
ity equation and a modified Navier–Stokes equation, respectively,
with −�O� and −�v being respectively the electric body force act-
ing on the fluid and the frictional force exerted on the fluid by the
composing material of the porous layer [17]. Note that because the
flow field in electrophoresis is in the creeping flow regime, there is
no inertial term in Eq. (4).  For simplicity, we assume that the val-
ues of ε, Dj, and � inside the membrane layer are the same as those
outside the particle, and �fix is independent of the position inside
the membrane layer [17]. Duval et al. [48] verified experimentally
that if the water content within the membrane layer is sufficiently
high, then the ε inside the membrane layer and that outside it can
be assumed equal.

We assume that the strength of E is much weaker than that
of the equilibrium electric field established by the particle and/or
the boundary [49]. Similar to the treatments of Yeh and Hsu [47],
each dependent variable is partitioned into an equilibrium term
coming from the particle in the absence of E, and a perturbed
term from the application of E. Because both the electrical poten-
tial and the thickness of double layer are arbitrary, the effect of
DLP can be significant, implying that the double layer surround-
∇∗2�∗
e = − (	a)2

1 + ˛
[exp(−�∗

e) − exp(˛�∗
e)] − h(r, z)Q ∗ (5)
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Fig. 1. Variations of the scaled electrophoretic mobility �* , (a), and the correspond-
L.-H. Yeh et al. / Colloids and Surfa

∗2ı�∗ = (	a)2

1 + ˛
[(ı�∗ = g∗

1) exp(−�∗
e) + ˛(ı�∗ + g∗

2) exp(˛�∗
e)] (6)

∗2g1
∗ − ∇∗�e

∗ · ∇∗g1
∗ = Pe1v∗ · ∇∗�e

∗ (7)
∗2g2

∗ + ˛∇∗�e
∗ · ∇∗g2

∗ = Pe2v∗ · ∇∗�e
∗ (8)

∗ · v∗ = 0 (9)

∇∗ıp∗ + ∇∗2
v∗ + [(∇∗2

�e
∗ + h(r, z)Q ∗)∇∗ı�∗ + ∇∗2

ı�∗∇∗�e
∗]

− h(r, z)(
a)2v∗ = 0 (10)

1
∗ = exp(−�e

∗)[1 − (ı�∗ + g1
∗)] (11)

2
∗ = exp(˛�e

∗)[1 + ˛(ı�∗ + g2
∗)] (12)

n these expressions, O* = aO, O*2 = a2O 2, �∗
e = �e/�r , ı�∗

e =
�e/�r , g∗

j
= gj/�r ,  ̨ = −z2/z1, nj

∗ = nj/nj0, ıp∗ = ıp/[ε(�r)2/a2],

nd v* = v/Ur with �r = kBT/ez1 and Ur = ε(�r)2/�a. The subscript e
nd the prefix ı denote the equilibrium and the perturbed prop-
rties, respectively [49]. gj is a hypothetical perturbed function
imulating the polarized double layer; nj0 is the bulk number con-

entration of ionic species j; 	 = [
∑2

j=1nj0(ezj)
2/ε	BT]1/2 is the

eciprocal Debye length; Q* = �fixa2/ε�r is the scaled fixed charge
ensity of the membrane layer; Pej = ε(�r)2/�Dj is the electric Peclet
umber of ionic species j. 
−1 = (�/�)1/2 is the softness parameter
f the membrane layer [20], or a shielding length characterizing
he extent of flow penetration into that layer [50]. For biocolloids
18,40], 
−1 ranges typically from 0.1 to 10 nm.

To simulate biocolloids [18,40], we assume that the surface of
he rigid core of the particle is uncharged, nonconductive, imper-

eable to ionic species, and non-slip. These yield the following
oundary conditions:

 · ∇∗�∗
e = 0 (13)

 · ∇∗ı�∗ = 0 (14)

 · ∇∗g∗
j = 0, j = 1, 2 (15)

∗ = 0 (16)

ere, n is the unit normal vector directed into the liquid phase. The
oundary conditions assumed on the cavity and on the membrane

ayer–fluid interface are summarized in Supplementary Material.
Instead of solving the original problem directly, two  hypo-

hetical sub-problems are solved, which is capable of avoiding
 tedious trial-and-error procedure arising from the unknown
lectrophoretic velocity in the boundary conditions [28]. In the
rst sub-problem the particle moves with a constant velocity

 in the absence of E, and in the second sub-problem E is
pplied but the particle is held fixed. Detailed solution procedure
or the scaled electrophoretic mobility of a particle, �* = (U*/E*),
ith U* = U/Ur and E* = E/(�r/a) being respectively the dimension-

ess electrophoretic velocity of a particle and the dimensionless
trength of E in the z direction, is presented in Supplementary
aterial.

. Results and discussion

The governing equations and the associated boundary con-
itions are solved numerically by FlexPDE (version 4.24, PDE

olutions, Spokane Valley, WA), which is based on a finite-element
ethod. The numerical scheme and its implementation using Flex-

DE have been validated to be efficient and sufficiently accurate for
olving similar boundary-value problems [29–32,47,51].
ing scaled forces in sub-problem two, F∗
e2, F∗

d2
, and F∗

2 , (b), as a function of 	a for
various values of �* at M = 0%, � = 0.5, c/a = 0.25, and 
a = 4.

In subsequent discussions, the influences of the key parameters
of the present problem, including the thickness of double layer,
the properties of the membrane layer of the particle, and the size
and the position of the particle on its electrophoretic behavior are
examined in detail through numerical simulation. Unless otherwise
specified, we  let Pe1 = Pe2 = 0.1 [47], which is usually assumed in rel-
evant electrokinetic studies for the case where the effect of DLP can
be significant. We focus on type II soft particles, that is, biocolloids.

3.1. Influence of double layer thickness and fixed charged density
of membrane layer

Fig. 1 presents the simulated variations of the scaled elec-
trophoretic mobility of a particle, �*, and the corresponding scaled
forces acting on the particle in the second sub-problem, F∗

e2, F∗
d2,

F∗
2 = (F∗

e2 + F∗
d2), as a function of the scaled double layer thickness,

	a, at various values of Q*. Here, because we  fix the radius of the
particle a, the variation of 	a comes from that of the bulk elec-
trolytes concentration. As seen in Fig. 1(a), the qualitative behavior
of �* depends largely on the level of Q*. If |Q*| is small, then
|�*| decreases monotonically with increasing 	a. However, if |Q*|

* *
is sufficiently large (e.g., Q = −50), then as 	a varies, |� | has a
local minimum occurring at 	a ∼= 1.5. The occurrence of the local
minimum in |�*| can be explained by the following. At smaller val-
ues of 	a, the membrane layer of the particle is enclosed by the
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Fig. 2. Variations of the scaled electrophoretic mobility �* , (a), and the correspond-
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ouble layer. In this case, an increase in 	a (decrease in double layer
hickness) yields an increase in the amount of counterions confined
nside the membrane layer, leading to a decrease in the absolute
alue of the effective charge density, |� + �fix|, inside that layer and,
herefore, a decrease in the electrical driving force acting on the
article, as is verified by Fig. 1(b). This behavior is consistent with
he typical electrophoretic behavior of microorganisms [18], bio-
ogical cells [18,48],  and biocolloids [39,40], but inconsistent with
hat of type I soft particles [31–38].  This is because a Dirichlet type
f boundary condition, imposing a constant surface potential, is
pplied on the surface of the rigid core of the particle in the latter.
herefore, as 	a increases, although |� + �fix| decreases, the charge
ensity on that surface increases [32]. The competition between
hese two effects is capable of yielding complicated electrophoretic
ehaviors [32]. However, if |Q*| is large, then the electrical potential
f the system is high, implying that the effect of DLP is significant.
his effect, which is most important when the thickness of double
ayer is comparable to the particle size [28], usually reduces the
article mobility. Therefore, it can be inferred that the presence of
he local minimum in |�*| at 	a ∼= 1.5 is due to the effect of DLP.
he presence of the local minimum in |�*| was also observed in
he theoretical study of O’Brien and White [28] for the case of an
solated rigid sphere in an infinite fluid, that of Yeh and Hsu [47]
or the case of a charged porous sphere in a cylindrical pore, that
f Huang et al. [38] for the case of a membrane-coated sphere in

 cylindrical pore, and in several experimental studies for the case
f polyelectrolytes [52] and silica colloids [53]. The electrophoretic
ehaviors seen in Fig. 1(a) will be verified later by the experimental
esults in the literature.

The qualitative behavior of �* seen in Fig. 1(a) is similar to that of
∗
2 illustrated in Fig. 1(b), implying that the qualitative behavior of
* as Q* and 	a vary depends mainly on the two competing driving

orces, F∗
e2 and F∗

d2. Fig. 1(b) also suggest that in the case considered,
* is mainly dominated by F∗

e2. This implies that for the present
ype of soft, biocolloidal particle (type II soft particle), the influence
f Q* on the behavior of �* as 	a varies is dominated mainly by
he electrical driving force coming from E. This is different from
he case of a membrane-coated soft particle (type I soft particle)
n the literature [25–27,31–38], where that behavior is dominated
y the competition between the electrical driving force and the
lectroosmotic retardation force F∗

d2 [32]. Note that the larger the
* the more significant the effect of DLP, making the presence of the

ocal minimum in �* occurring at 	a ∼= 1 more pronounced. More
etailed discussion on the influence of Q* on the scaled forces acting
n a particle is given in Supplementary Material.

.2. Influence of softness of membrane layer

The influence of the friction coefficient (or softness) of the mem-
rane layer of a particle, measured by 
a, on its scaled mobility �*

s illustrated in Fig. 2; the corresponding scaled forces, F∗
e2, F∗

d2, and
∗
i
(= F∗

ei
+ F∗

di
) acting on the particle are also presented. It is inter-

sting to note that the qualitative behavior of �* depends highly
pon the level of 
a. If 
a is small, the influence of the effect of DLP
n the electrophoretic behavior of the soft particle is significant. In
his case, |�*| has a local minimum occurring at a 	a in the range
1.0,2.0], which is consistent with the result shown in Fig. 1. On
he other hand, if 
a is large, then that effect becomes insignificant.
n this case, |�*| is seen to decreases with increasing 	a, which is
nexpected. These behaviors can be explained by the variations of
∗
e2 and F∗

d2 shown in Fig. 2(b). This figure indicates that F∗
e2 is uncor-
elated with 
a, and |F∗
e2| decreases with increasing 	a. In addition,

f 
a is small, then F∗
d2 is negative and |F∗

d2| increases monoton-
cally with increasing 	a. On the other hand, if 
a is sufficiently
arge, then F∗

d2 is negative at small values of 	a, passing through a
ing scaled forces, F∗
e2 and F∗

d2
, (b), and F∗

1 and F∗
2 , (c), as a function of 	a for various

values of 
a at M = 0%, � = 0.5, c/a = 0.3, and Q* = −30.

negative local minimum near 	a ∼= 1, and then becomes positive if
	a is sufficiently large. These imply that, if 
a is small, the electroos-
motic retardation flow arising from the motion of the counterions

in the double layer due to E enhances the effect of DLP. On the
other hand, if 
a is large, that flow offsets the effect of DLP, mak-
ing the local minimum of |�*| at 	a ∼= 1 disappears. That F∗

d2 can be
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ig. 3. Variations of the scaled electrophoretic mobility �* as a function of 	a for va
 = 0.5, 
a = 4, and Q* = −30; variations of the corresponding scaled forces in sub-pr

f  (c) at 	a = 10, (d).

ositive seen in Fig. 2(b) is also observed in the electrophoresis of
 negatively charged, rigid sphere towards a large disk [54]. In this
ase, the rate of strain across the particle surface is positive, and
ncreases with increasing 	a, so is the viscous component of F∗

d2,
∗
d2,(v). Therefore, if 	a is sufficiently large, then although the pres-
ure component of F∗

d2, F∗
d2,(p), is always negative, F∗

d2,(v) becomes
ositive and dominates the behavior of F∗

d2. Fig. 2(a) also reveals
hat if 	a is large, then |�*| decreases with increasing 
a, but the
everse trend is observed if 	a is small. The former is also observed
n the other similar electrophoresis problems [31–38],  where type I
oft particle is simulated, and can be explained by that the larger the
a the greater the friction force coming from the membrane layer.
he later has not been reported previously, and can be explained by
he competition between F∗

1 and F∗
2 as 
a varies, shown in Fig. 2(c).

s seen in this figure, if 	a is small, then the rate of decrease in
F1

∗| with increasing 
a is always faster than that in |F2
∗|, yielding

 monotonic increase in |�*| with increasing 
a. We  conclude that
he softness of the membrane layer of the present type of soft par-
icle is capable of influencing both quantitatively and qualitatively
ts electrophoretic behavior.

.3. Influence of the thickness of membrane layer

The influence of the thickness of the membrane layer of a par-

icle on its electrophoretic behavior is illustrated in Fig. 3(a) and
b), and the corresponding variations of the scaled forces, F∗

e2, F∗
d2,

nd F∗
2 for the case of Fig. 3(b) are presented in Fig. 3(c). As seen

n Fig. 3(a), the qualitative behavior of �* as 	a varies depends
 values of (c/a), (a), that as a function of (c/a) for various values of 	a, (b), at M = 0%,
 two, F∗

e2, F∗
d2

, and F∗
2 , for the case of (b), (c), and that of F∗

d2,(p)
and F∗

d2,(v)
for the case

highly upon the scaled membrane thickness (c/a). If (c/a) is small,
then |�*| decreases monotonically with increasing 	a. On the other
hand, if (c/a) is large, then |�*| has a local minimum occurring at
	a ∼= 1.7. Again, these behaviors arise from the competition between
the electrical driving force and the electroosmotic retardation force.
For the present case, because the volume of the membrane layer of
the particle increases with increasing (c/a), so are the amount of
fixed charge and the associated electrical driving force. Therefore,
the larger the (c/a) the higher the electrical potential, the more
significant the effect of DLP and, therefore, the more apparent the
presence of the local minimum in 	a. Fig. 3(b) shows the variations
of �* as a function of (c/a) at varies values of 	a. Note that if 	a is
large, then |�*| increases monotonically with increasing (c/a). On
the other hand, if it is small, |�*| increases with increasing (c/a) first,
and then approaches a constant value as (c/a) gets large. Fig. 3(b)
and (c) reveals that the qualitative behaviors of �* are similar to
those of F∗

2, implying that the behaviors of �* as 	a and (c/a) vary
depend upon the result of the competition between F∗

e2 and F∗
d2. If

	a is sufficiently small (double layer is sufficiently thick), then the
behavior of �* as (c/a) varies is dominated by F∗

e2. On the other hand,
if 	a is sufficiently large (double layer is sufficiently thin), then that
behavior is dominated by F∗

e2 when (c/a) is small, and by F∗
d2 when

(c/a) is large. If 	a takes a medium large value (=1), then the behav-
ior of �* is dominated by F∗

e2 when (c/a) is small, and by both F∗
e2 and

F∗
d2 when (c/a) is large. As mentioned previously, these behaviors
result from that although |F∗
e2| is larger at a smaller 	a, the influence

of the electroosmotic retardation flow becomes significant when 	a
is sufficiently large, yielding a stronger |F∗

d2|. In addition, if the mem-
brane layer of a particle is sufficiently thick, because the amount
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Fig. 4. Variations of the scaled electrophoretic mobility �* as a function of 	a for
various values of �,  (a), at M = 0%, c/a = 0.3, 
a = 4, and Q* = −50; variations of the
c
(

o
t
i
(
o
a

Fig. 5. Variations of the scaled electrophoretic mobility �* , (a), and the correspond-
orresponding scaled forces in sub-problem two, F∗
e2, F∗

d2
, and F∗

2 , for the case of (a),
b),  and that of F∗

d2,(p)
and F∗

d2,(v)
for the case of (b) at � = 0.2, (c).

f fixed charge in that layer increases with increasing membrane
hickness, so is the significance of the effect of DLP, thereby reduc-

*
ng the electrical driving force and making � roughly constant as
c/a) varies, as seen in Fig. 3(b). This can be verified by the behavior
f F∗

e2 shown in Fig. 3(c), where |F∗
e2| increases with increasing (c/a),

nd shows a local maximum at a large (c/a). The former arises from
ing scaled forces in sub-problem two, F∗
e2, F∗

d2
, and F∗

2 , (b), as a function of 	a for
various values of M at � = 0.4, c/a = 0.3, 
a = 4, and Q* = −50.

that the thicker the membrane layer the more the amount of fixed
charge it carries and, therefore, the greater the electrical driving
force. It is interesting to see in Fig. 3(c) that at 	a = 10, the increasing
of |F∗

e2| with increasing (c/a) is more apparent for (c/a) < (1/	a) = 0.1
than that for (c/a) < (1/	a) = 0.1. This is because if the double layer
is sufficiently thick, then its overlapping with the membrane layer
of the particle is significant, and the variation of |F∗

e2| with (c/a) is
influenced accordingly. Fig. 3(c) also reveals that if 	a is small, F∗

d2
is negative and |F∗

d2| increases with increasing (c/a). On the other
hand, if 	a is sufficiently large (ca. 10), then F∗

d2 may change its
sign from positive to negative as (c/a) increases, and |F∗

d2| increases
with increasing (c/a) if (c/a) is sufficiently large. Similar to the cases
of Figs. 1(b) and 2(b), these behaviors arise mainly from the com-
petition between F∗

d2,(v) and F∗
d2,(p), as illustrated in Fig. 3(d). More

detailed discussion is presented in Supplementary Material.

3.4. Influence of the boundary

The influence of a boundary on the electrophoretic behavior of
a soft particle is illustrated in Figs. 4–6.  Here, the boundary effect

is measured by the relative cavity size � (=a/b) and the position
parameter M = 100% × [m/(b − a)]. Fig. 4 shows the variations of the
scaled mobility �* as a function of 	a at various values of �;  the
corresponding scaled forces in the second sub-problem, F∗

e2, F∗
d2, F∗

2,
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Fig. 6. Contours of the net perturbed ionic concentration difference (ın1 − ın2) in
sub-problem two on the half plane � = 0 for the cases of Figs. 4(a) and 5(a) at 	a = 1.
(a)  � = 0.2 and M = 0%; (b) � = 0.4 and M = 0%; (c) � = 0.4 and M = 90%.
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F∗
d2,(v), and F∗

d2,(p), at several selected values of � and 	a are also
presented. It is interesting to note that the qualitative behavior of
�* as 	a varies depends largely upon the level of �.  As seen in
Fig. 4(a), if � is large, although DLP is influenced significantly by
the boundary, the influence of the effect of DLP on the behavior of
�* is pronounced due to the effect of electroosmotic retardation
flow. In this case, |�*| decreases with increasing 	a and has an local
minimum occurring at 	a ∼= 1, which is similar to the case of Fig. 1(a)
at Q* = −50. On the other hand, if � is small, although DLP is unin-
fluenced by the boundary, its influence on �* is inappreciable due
to the effect of electroosmotic retardation flow, the local minimum
in |�*| disappears. In this case, |�*| decreases monotonically with
increasing 	a, which is qualitatively consistent with many exper-
imental results reported in the literature [18,20,39,40,48]. Again,
these behaviors arise from the competition of F∗

e2 and F∗
d2, as � and

	a vary. As seen in Fig. 4(b), the behaviors of F∗
e2 at various values of

� are similar, namely, |F∗
e2| decreases with increasing 	a and has a

local minimum occurring at a medium large 	a due to the effect of
DLP, which is consistent with the result shown in Fig. 1(b), and can
be explained by the same reasoning. Also in Fig. 4(b), because the
larger the � the more significant the boundary effect and, there-
fore, the less appreciable the presence of the local minimum in |F∗

e2|.
This is because if � is large, then the double layer surrounding the
particle is compressed significantly by the boundary. In this case,
if 	a is small, then coions are pushed into the membrane layer of
the particle, which has the effect of raising |F∗

e2|, and |F∗
e2| increases

with increasing �.  In addition, if � is large, the flow field surround-
ing the particle is also compressed by the boundary, which has the
effect of alleviating the effect of DLP, as will be verified later. These
two effects lead to the behaviors of |F∗

e2| as � and 	a vary seen in
Fig. 4(b). This figure also indicates that if � is large, then F∗

d2 is nega-
tive and |F∗

d2| increases with increasing 	a, which is consistent with
the results shown in Fig. 1(b), and can be explained by the same
reasoning as that employed in the discussion of Fig. 1(b). On the
other hand, if � is small, then F∗

d2 is negative at small 	a and |F∗
d2|

decreases with increasing 	a, but if 	a is sufficiently large, then F∗
d2

might change its sign from negative to positive and has a positive
local maximum as 	a varies. As seen in Fig. 4(b), the presence of a
positive local maximum in F∗

d2 makes it possible that F∗
d2 changes

its sign twice as 	a varies. As illustrated in Fig. 4(c), these behaviors
at a small value of � arise from the competition between F∗

d2,(v) and
F∗

d2,(p), and the behaviors of them depend upon the electroosmotic
retardation flow surrounding the particle. More detail discussion
is presented in Supplementary Material. Therefore, if the bound-
ary effect is significant (large �),  then because the electrophoretic
behavior of a particle is dominated by the electrical driving force,
the influence of the effect of DLP on the behavior of �* is enhanced,
although the larger the � the less significant that effect is. On  the
other hand, if the boundary effect is insignificant (small �),  then
the electrophoretic behavior of a soft particle depends upon both
the electrical driving force and the hydrodynamic force coming
from the electroosmotic retardation flow. This implies that the for-
mer  influence can be offset by the latter one, and therefore, |�*|
decreases with increasing 	a.

Fig. 5(a) shows the variations of �* as a function of 	a at various
values of M,  and the corresponding variations of the scaled forces
in the second sub-problem, F∗

e2, F∗
d2, F∗

2, are presented in Fig. 5(b).
As seen in Fig. 5(a), |�*| has a local minimum for 	a in the range
[1.0,2.0], which is consistent with the result shown in Fig. 1(a), and
can be explained by the similar reasoning. It is interesting to note
that the larger the M the less appreciable the presence of that local

*
minimum in |� |. Similar to the reasoning employed in the discus-
sion of Fig. 4, this phenomenon arises from that as M increases, the
effect of DLP is alleviated by the depression of the flow field sur-
rounding the particle by the boundary and by the increase in the
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Fig. 7. Variation of the electrophoretic mobility of creatine-covered gold nanopar-
ticles � (=U/E) as a function of NaCl concentration for the case where the soft
nanoparticles of radius 15 nm comprises a rigid gold core of radius 10.5 nm
and an ion-penetrable membrane layer of thickness 4.5 nm.  Discrete symbols:
experimental data of López-Viota et al. [40]; curves: results based on this
study. Curve 1, �fix/F = −25 mol/m3 and 
−1 = 3.33 nm,  2, �fix/F = −25 mol/m3 and
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−1 = 3.75 nm,  3, �fix/F = −25 mol/m3 and 
−1 = 4.29 nm.  Other parameters used
re  M = 0%, D1 = 1.33 × 10−9 m2/s, D2 = 2.03 × 10−9 m2/s, Pe1 = 0.351, Pe2 = 0.23, and

 = 0.08.

mount of coions inside the membrane layer of the particle due to
he overlapping of the double layer surrounding the particle and
he cavity, and |F∗

e2| increases accordingly, as seen in Fig. 5(b). This
gure also reveals that if M is small, then because the DLP effect is
ignificant F∗

2 is dominated by F∗
e2. On the other hand, if M is large,

hen because that effect is insignificant, both F∗
e2 and F∗

d2 can con-
ribute comparably to F∗

2. The dependence of the effect of DLP on �
nd M can be illustrated by the contours of the net perturbed ionic
oncentration difference, (ın1 − ın2), shown in Fig. 6. This figure
hows that the larger the � and/or M,  because the more significant
he boundary effect is, the less significant the effect of DLP. It should
e pointed out that this is the first attempt in the literature to show
he evidence for the influence of a boundary on the effect of DLP
nd on the electrophoretic behavior of type II soft particles.

.5. Verification with experimental data

In this section, the applicability of our model in fitting
xperimental results is examined. For illustration, it is adopted
o describe the experimental data of López-Viota et al. [40],
here the electrophoresis of creatine-covered gold nanoparti-

les of radius 15 nm,  comprising a rigid gold core of radius
0.5 nm and an ion-penetrable membrane layer of thickness
.5 nm [40], in an aqueous NaCl solution was conducted. The rele-
ant physical constants are z1 = −z2 = 1, ε = 7.08 × 10−10 CV−1 m−1,
B = 1.38 × 10−23 J/K, T = 298 K, � = 10−3 kg m−1 s−1, e = 1.6 × 10−19 C,
1 = 1.33 × 10−9 m2 s−1, and D2 = 2.03 × 10−9 m2 s−1. To avoid the

nfluence of the boundary, � (=a/b) is assumed a small value of 0.08
51]. Fig. 7 shows the variation of the electrophoretic mobility � as

 function of the concentration of NaCl. Both the experimental data
40] and the results predicted by the present theoretical model are
resented. The latter are based on three sets of parameter values,
amely, (�fix/F = −25 mol/m3, 
−1 = 3.33 nm), (�fix/F = −25 mol/m3,
−1 = 3.75 nm), and (�fix/F = −25 mol/m3, 
−1 = 4.29 nm), where F is

araday constant. These lead to (Q* = −29.84, 
a = 4.5), (Q* = −29.84,
a = 4), and (Q* = −29.84, 
a = 3.5), respectively. As seen in Fig. 7, the
resent theoretical model predicts successfully the general trend
f the mobility of the particle. The estimated values of (�fix/F) and
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−1 are different from those estimated by another three simplified
theoretical models, where the effect of double-layer polarization
arising from the convective motion of ionic species is neglected,
used by López-Viota et al. [40] Note that at the present level of
charge density, Q* = −29.84, that effect is expected to be signifi-
cant. Fig. 7 also reveals that as the concentration of NaCl gets high,
the mobility approaches a non-zero constant value, which is typ-
ical to soft biocolloids (type II soft particle) [17,18]. In contrast,
the mobility of rigid particles with constant surface charge den-
sity approaches zero as the concentration of electrolyte gets high.
As seen in Figs. 1–5,  if the fixed charge density of the membrane
layer of a particle is sufficiently high, then the effect of DLP on its
electrophoretic behavior becomes significant. This yields an extra
local minimum in its mobility, which occurs at a moderate high
electrolyte concentration (i.e., medium large 	a). Similar behav-
ior was  also observed in the experimental results presented in
Figs. S6 and S7 of Supplementary Material (the curve corresponds to
15 nm gold nanoparticles in Fig. S6 [55], and the curves correspond
to temperature lower than 32.5 ◦C in Fig. S7 [56]), but the ratio-
nale behind that behavior was  not explained explicitly. The present
analysis is capable of providing a sound interpretation of the gen-
eral electrophoretic behaviors of soft biocolloids that is essential to
the design of an electrophoresis device.

4. Conclusions

The electrophoretic behavior of a soft particle under the condi-
tions where the effects of boundary and double-layer polarization
(DLP) can be significant is investigated. We  classify the soft particles
in the literature into two  types: type I soft particles have a charged
rigid core with constant surface potential and an ion-penetrable
porous layer, and type II soft particles have an uncharged rigid
core and a polyelectrolyte membrane layer. We  show that the
electrophoretic behaviors of these two  types of soft particle are
different qualitatively. In particular, the mobility of a type I soft
particle increases with increasing bulk ionic concentration (i.e.,
decreasing double layer thickness), but that trend is reversed in the
case of a type II soft particle. This study provides a possible expla-
nation for the experimentally observed behaviors of both inorganic
particles covered by an artificial membrane layer (type I), such as
metal oxide particles enclosed by surfactant molecules, and bio-
colloids such as proteins, microorganisms, and inorganic particles
covered by a biological membrane layer (type II). The applicability
of the present model is verified by fitting it to the experimental data
of creatine-covered gold nanoparticles reported in the literature.
The results of numerical simulation reveal that the interactions
among boundary, DLP, and electroosmotic retardation flow yield
profound electrophoretic behaviors. For the case of type II soft par-
ticles, the influences of the key parameters of the system under
consideration on the electrophoretic behaviors of a soft particle
can be summarized as following. (i) The qualitative behavior of the
mobility of a particle as the thickness of double layer varies depends
largely upon both the properties of its membrane layer and how
significant the boundary effect is. (ii) If the fixed charge density of
the membrane layer is low and/or the membrane layer is thin, then
the absolute value of the mobility decreases with decreasing double
layer thickness. On the other hand, if it is high and/or the membrane
layer is thick, then the absolute value of the mobility also has a local
minimum, which arises from the effect of DLP. These behaviors are
consistent with the experimental observations in the literature. (iii)
The significance of the effect of DLP decreases with increasing sig-

nificance of the boundary effect. However, if the boundary is small
and/or the friction coefficient of the membrane layer is sufficiently
small, then the significance of that effect on the electrophoretic
behavior of a particle is enhanced by the electroosmotic retardation
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ow, yielding a local minimum in the absolute value of the mobil-
ty. On the other hand, if the boundary is large and/or the friction
oefficient is large, then the effect of DLP on the behavior of a parti-
le might be offset by the electroosmotic retardation flow, yielding
he result that the mobility decreases with decreasing double layer
hickness. These explain that why most of the experimental capil-
ary electrophoresis results in the literature for biocolloids show
hat the mobility decreases with decreasing double layer thick-
ess. Note that the ratio, 	a = (linear size of particle)/(double layer
hickness), in many electrophoresis experiments of biocolloids is
sually large and/or the boundary effect is neglected so that the
ffect of DLP becomes unimportant. Unless the boundary effect is
ufficiently significant and/or the friction coefficient of the mem-
rane layer is sufficiently small, the influence of the effect of DLP
n the electrophoretic behavior of soft biocolloids (type II) becomes
pparent due to electroosmotic retardation flow. (iv) If the double
ayer is thin, then the absolute value of the mobility of a particle
ecreases with increasing friction coefficient of its membrane layer.
owever, if the double layer is sufficiently thick, then the opposite

rend is observed, an interesting result which has not been found
reviously. These imply that, depending upon the thickness of dou-
le layer, the friction of the membrane layer can either retard or
ccelerate the movement of a soft particle.
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