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ABSTRACT: A mathematical model of trienzyme biosensor at an internal
diffusion limitation for a non-steady-state condition has been developed. The
model is based on diffusion equations containing a linear term related to
Michaelis—Menten kinetics of the enzymatic reaction. Analytical expressions
of concentrations and current of compounds in trienzyme membrane are
derived. An excellent agreement with simulation data is noted. When time
tends to infinity, the analytical expression of non-steady-state concentration
and current approaches the steady-state value, thereby confirming the validity
of the mathematical analysis. Furthermore, in this work we employ the complex

inversion formula to solve the boundary value problem.
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B INTRODUCTION

Biosensors are analytical devices that combine the selectivity and
specificity of an immobilized biologically active compound with a
signal transducer.' ~® The study of biosensors is of immense interest
to optimize various analytical characteristics.* ® The thickness of
the enzyme membrane has a considerable effect on the biosensor
response as well as on the response time.”*° Practical biosensors that
consist of a multilayer enzyme membrane,'' with the model
biosensors containing the exploratory monolayer membrane, are
useful tools to study the biochemical behavior of biosensors."
Biosensors find immense applications in several fields, and this
includes in routine clinical glucose monitoring,13 in agriculture and
the food processing industry,'* and in the pharmaceutical industry.**

Earlier, analytical expressions pertaining to the steady-state
concentrations and current of compounds in trienzyme mem-
brane for all diffusion modules were calculated by Kulys.'®
However, to the best of our knowledge, no analytical expressions
pertaining to the non-steady-state concentrations and current of
compounds for all diffusion modules a,d, ®,d, and 03d in a
trienzyme membrane have been reported. The purpose of this
article is to arrive at analytical expressions corresponding to non-
steady-state concentrations and currents of compounds in trien-
zyme membrane for all diffusion modules using the complex
inversion method.

B MATHEMATICAL FORMULATION OF THE BOUND-
ARY VALUE PROBLEM

In a creatinine biosensor, initially the hydrolyzed creatinine
reacts with creatininase (E;) producing creatine (P;) and then
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the hydrolyzed creatine reacts with creatinase (E,) producing
sacrosine (P,). Following this, the oxidation of sacrosine will be
carried out using sarcosine oxidase (E;) to yield hydrogen
peroxide (P3). A general scheme that represents the reaction
occurring at a creatinine biosensor is shown below:

L E
§ =»p, =»P, =P, (1)

Here the rate of each reaction (V) is considered by the standard
enzyme parameters Vy,..(;) and Ky, (), where i = 1,2, and 3 for E;,
E,, and E; catalyzed processes, respectively. Vi = Vi 1ys1/
Km(l)) V2 = Vmax(l)pl/Km(Z)) and V3 = Vmax(3)p2/Km(3)) where Sy
p1, and p, represent the concentrations of S, P;, and and P, at
concentrations less than the Michaelis—Menten constants
(Kim@))- The diffusion equations with a constant diffusion
coefficient corresponding to the enzymatic conversion at a
non-steady-state condition can be represented by eqs 2—5.'
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1 3p3 - 62p3 2 (5)
D at ox?

D is the diffusion coefﬁaent of all compounds; t is the time;
0 = (Vinax(i)/ Kt )D) , where i = 1, 2, and 3; K,,(;) denote
Michaelis—Menten constants; V;,.(;) denote the maximal enzy-
matic rates. The initial and boundary conditions are

t=0, si=s p =0 p =0 p3=0 (6a)

X = d; S1 = S0y p1 = 0, P2 = 0, p3 = 0 (6b)

) ) ) )
x =0, j:0 ﬂ:0 ﬂ:() op3

=0 (6
ox " ox " ox " ox (C)

where d is the membrane thickness. The biosensor current i is
defined by the following expression:

- 2FD<£:> By (7)

where F is the Faraday number.

B ANALYTICAL SOLUTIONS FOR THE CONCENTRA-
TION AND CURRENT OF COMPOUNDS IN TRIENZYME
MEMBRANE

Using Laplace transformation in the partial differential equa-
tions eqs 2—5 and the condition eq 6a, the following differential
equations in Laplace space are obtained:

2—
d%s,; ) s S0

@—al 31—1—)§1+B:0 (8)
i) + 0475 — %P, — — 0 (9)
E 175 2 P1 P1 =
&p — 5
dac 22+0”2 Py~ a32P2_BP2 =0 (10)
dzp3 s _
dx2+(13 pZ_BP?,:O (11)
Now the boundary conditions become
x=d § =2 p =0 B =0 p =0 (12a)
s
ds dp dp
x=0 t=o0 Pr_o Pr_o 5 =0 (120

dx dx dx

where s is the Laplace variable and an overbar indicates a Laplace-
transformed quantity. The set of expressions presented in
eqs 8—11 defines the initial and boundary value problem in
Laplace space. The analytical solutions (see Appendix A) of
eqs 2—S are

so cosh(oux)  4sp0,” i cos(Ix) exp(—(0u* + I*)Dt)
cosh(a,;d) a2 (=)' 2n+1) (02 +P)

(13)

51 =

+ (02 — 032) (02 — 032)d? =

so0;>  [cosh(ox) B cosh(x)
042 — a2 [cosh(a,d)  cosh(oyd)

p1 =

45904, & cos(lx) exp(—(0y* + 1*)Dt)
75((112 — 0.22) n=0 ( — 1)"(271 + 1)((112 + 12)

4soa? i cos(Ix) exp(—(0,* + I*)Dt)
xS (—1)"2n+ 1) (02— o2+ B)

n

(2n + 1)cos(lx) exp(— (0% + 2)Dt)
0 (= 1)%(0n? —a> +P)

Soa14.7'[
d*(ou? — ap?)

M8

(14)

S()(X.lzazz COSh(a_?,.x)
((132 — (112)((132 — (Xzz) COSh(ag.d)

P2 =

<, cos(lx) exp(—(a,® + P)Dt)
1)"(2n+1)(ay2 + 12)

450(114(122

+
(o2 — ap?)(on? — a?)w S (—

so0L;20? cosh (o)
(0% — 0y2) (0% — 032) cosh(a,d)

+

solt *a, 2o (2n+1 cos(Ix) exp(— (0> + *)Dt)
Z —1)" (a2 + B) (052 — 0y + )

001 20% cosh(ax)

* (02 — 0,2) (0,2 — 032) cosh(od)

ot o2 & (2n+ 1) cos(Ix) exp(—(0u* + *)Dt)

(o —w?)(w? — ) Sy (- 1) (w2 B0 — o + B)

4500 0% & (—1)" cos(lx) exp(—(a3* + *)Dt)
TS (2n+ 1) (0 — o + P) (0 — 0 + 1)

& cos(lx) exp(—(0p® + 2)Dt)
D"(2n+1)(an2 — a2 + 1)

450(112(122
(00* —o3?), = (—

_ 500 20L* T & (214 1) cos(lx) exp(—(os* + P)Dt) (15)
(02 —as?)d? = (— 1)" (05 — au? + P)(as? — ap® + 1)

5001202 (1 — cosh(azx))
(032 — ay2) (032 — %) cosh(0d)

ps =

25000 aty2 i (—1)"sin(m(d — x)) exp(—m>Dt)
= n(oy? — m?) cosh(v/oz% — m2d)

ﬂ(alz — (132)(a22 — (132) "

_ so0L 203%(1 — cosh(ayx))
(02 — a2) (0% — 032) cosh(0,d)

2500 * 032 < (—1)"sin(m(d — x)) exp(—m?*Dt)

B w(oy? — 0p2) (0,2 — 0532) ,Z’l n(ay — m?) cosh(v/0,2 — m2d)

500,202 (1 — cosh (0 x))
(042 — a,2) (o> — 032) cosh(oyd)

250(112(122(132 < ( — l)n sin(m(d — x)) exp(—szt)

+
w(oy? — op?) (04?2 — 0532) ,Z'l n(oy? — m?) cosh(va, 2 — m>d)

S()(X.lz(lzzx

* d(o? — 042) (0532 — an?) (1 - cosh(la3d))

4300 dx.doi.org/10.1021/jp200520s |J. Phys. Chem. A 2011, 115, 4299-4306



The Journal of Physical Chemistry A

25000202 & n(—1)"sin(m(d — x)) exp(—m?Dt)
P

(0% — a3?) 1 (042 — m?) (a2 — m?) cosh(y/03% — m2d)

_ 50(112(13296 1—
d(o? — a2) (0% — 03?) cosh(0,d)

250002032 & n(—1)"sin(m(d — x)) exp(—m>Dt)

a (02?2 — a3?)d? =) (042 — m?) (0,2 — m?) cosh(y/0,% — m2d)

soa22a32x

a0 — ) (o —ap?) (1 - cosh(lald))

2500070070y i (sin(mx) + sin(m(d — x))) exp(—m?*Dt)

7S =D —m?)(a® —m?)(as® —m?)
250(1120.22 250(112(132
m(ag? —oy2) (02 —ap?)  w(oy? — 0y?)(0n? — 0?)

<, (sin(mx) exp(—m*Dt)
i n(=1)(? —m?)

i 250(12?'&32
w(oy? — op?) (a2 — 0532)

oo

2500277 5 n sin(mx) exp(—m?*Dt)
&S (=D (on? —m?) (e —m?)

25002002 & — 1)"n sin(mx) exp(—m?Dt
4 00l "0 Z ( ) (mx) exp( )

&2 (o? —m?)(a? —m?) (o5 —m?)
. 2500120277 i n( —1)" sin(m(d — x)) exp(—m?>Dt)
d? o= (02 — m?) (a2 — m?) (02 — m?) cosh(y/032 — m2d)

(16)

When time tends to infinity, the analytical expression of non-
steady-state concentration (eqs 13—16) approaches the steady-
state value, thereby confirming the validity of the mathematical
analysis. The biosensor current i is
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where

2 1
M and m = ﬂ (18)

| =
d d

When t — oo, the steady-state current was obtained from eq 17
and is shown by

so0L 20ty
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s00> 0%

d(a? — op?) (a2 — a32) (1 B cosh(lald)) } (19)

This steady-state current is same as the result of the work of Kulys
[see eq 7 of ref 16].

+

Bl NUMERICAL SIMULATION

The diffusion equations [eqs 2—S5] for the boundary condi-
tions [eqs 6a—6¢] are solved by numerical methods. The
function pdex4 in Matlab software, which is a function of solving
the initial boundary value problems for partial differential
equations, was used to solve these equations. Its numerical
solution is compared with our analytical results in Figure 1,
and it gives a excellent agreement for all values of time ¢ and
diffusion modules 0.;d, Q,d, and 03d in a trienzyme membrane.
The Matlab program is also given in Appendix C.

l DISCUSSION

Figure 1 represents the non-steady-state concentration
profiles in enzyme membrane of biosensor. Figure 1a shows
the concentration s; versus membrane thickness x in trien-
zyme membrane for various values of time t and for diffusion
modules a;d, 0t,d, and 03d. From Figure 1a, it is evident that
the value of the concentration s; & 1 when x = 0.01. The value
of the concentration s; decreases when time increases. The
concentration reaches the steady-state value when t > 10.
Figure 1b represents the concentration p; versus membrane
thickness x in trienzyme membrane for various values of time ¢
and for diffusion modules &, d, 0.,d, and 03d. From Figure 1b,
it is inferred that when x < 0.004, all the curves reach the
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Figure 1. Concentration profiles for (a) concentration s, (b) concentration p;, (c) concentration p,, and (d) concentration p; in trienzyme membrane
for various values of time t when s, = 1 #mol/cm?, d = 0.01 cm, and for diffusion modules 0;d = 10.0, 0,d = 10.1, and o3d = 10.3. Symbols: (—)

eqs 13—16; (+) numerical simulation.
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Figure 2. Plot of compound concentration versus membrane thickness x
in trienzyme membrane. The concentrations were computed using
eqs 13—16 for s = 1 pmol/em®, aud = 10.0, 0ud = 10.1, 0d = 10.3,
d=0.01 cm, and time t > 10. Symbols: (—) eqs 13— 16; (+) Figure 1 of ref 16.
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using eqs 17 and 19 for s,
t = 100.
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Figure 4. Biosensor current i plotted as a function of time t. The biosensor currents were computed using eq 17 when s, = 1 #mol/ cm® for (a) fixed
values of 0;d = 0.1 and 0,d = 1 and various values of 0.3d, (b) fixed values of 0;d = 1 and 03d = 0.5 and various values of 0,d, and (c) fixed values of

a,d = 1 and 0;3d = 1.01 and various values of o, d.

steady-state value. A series of non-steady-state concentrations
p» for various values of time t is plotted in Figure lc. From
Figure Ic, it is obvious that there is a simultaneous decrease in
the values of concentration p, and the steady-state value is
reached when t = 10. The non-steady-state concentration p;
for various values of time t and for diffusion modules 0., d, 0, d,
and 0.3d is plotted in Figure 1d. From Figure 1d, it is evident
that initially the value of the concentration increases and
reaches the maximum value when x = 0.006 and t = 5. The
value of the concentration p; becomes zero when x =0 and x =
0.01. Figure 2 represents the non-steady-state concentrations
S1y P1, P2, and p; versus membrane thickness x in trienzyme
membrane for various values of time t and for diffusion
modules ;d, 0,d, and ad. In Figure 2, our non-steady-state
analytical results [eqs 13—16] are compared with steady-state
results when t > 10, and further when x > 0.006 the value
of concentration s; increases and reaches the value 1.
The value of the concentration p; increases when x > 0.004
and decreases gradually to reach the value 0.01. The value
of the concentration p, increases when x = 0.004 and
decreases gradually to reach the value 0.01. The value of the
concentration pj increases and attains the maximum value
when 0.006 < x < 0.007 and then decreases gradually.
Figure 3 represents a three-dimensional current i calculated using
eqs 17 and 19 forsp = 1 umol/cm?, 0i3d = 10.3,and t > 100. Figure 3
compares the biosensor response i obtained in this work with
Kulys's work."® Upon comparison, it is evident that both results are

4303

identical. Figure 4 indicates the non-steady-state current response i
for various values of diffusion modules a;d, 0.,d, and 03d. Figure 4a
represents the current i for all values of 03d [=1.01, 1.1, 1.5, 2] when
0;d=0.1 and 0,d = 1 using eq 17. From Figure 4a, it is evident that i
increases when 03d increases. Furthermore, when t > 20, all the
curves reach the steady-state value. Figure 4b indicates the current i
for all values of 0,d [=1.01, 1.1, 1.5, 2] when a;d = 1 and a3d = 0.5
using eq 17. From Figure 4b, it is evident that i increases when Q,,d
increases. Also, when ¢ = 20, all the curves reach the steady-state
value. Figure 4c indicates the current i for all values of o;d [=1.03,
1.1, 1.5, 1.8] when 0,d = 1 and 03d = 1.01 using eq 17. From
Figure 4c, it is evident that i increases when 03d increases. Also,
when t > 20, all the curves reach the steady-state value.

B CONCLUSIONS

In this work, we obtained an analytical solution for a biosensor
containing three immobilized enzymes utilizing consecutive sub-
strate conversion. An amperometric trienzyme biosensor electrode
was constructed for the determination of creatine and creatinine in
pharmaceutical products and serum samples. The response char-
acteristics of the electrodes are measured at different potentials to
determine the appropriate working potential (higher sensitivity,
lower limit of detection, wide linear concentration range, etc.) for
the simultaneous detection of creatine and creatinine. Time-depen-
dent linear diffusion equations have been formulated and solved
analytically. The analytical expressions for the concentrations and

dx.doi.org/10.1021/jp200520s |J. Phys. Chem. A 2011, 115, 4299-4306
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current for catalytic reactions with diffusion coefficient at trienzyme
membrane under non-steady-state conditions are obtained by using
the complex inversion formula. An excellent agreement with the
existing steady-state result is noted. Furthermore, the numerical
simulation was in excellent agreement with the analytically obtained
concentration and current.

B APPENDIX A

Solution of eqs 8—11 Using Complex Inversion Formula.
In this appendix we indicate how eqs 13—16 are derived. By
solving a differential equation of second order with constant
coefficients, we obtained the solution of the eq 8 as

so012D cosh (, fod + ix)
D s
i 0
s s+ alzD
s(s+042D) cosh| 4 /a2 + Bd

In this appendix we indicate how eq Al may be inverted using
the complex inversion formula. If y(s) represents the Laplace
transform of a function y(7), then according to the complex
inversion formula we can state that

(A1)

§1:

1 ¢+ ico

y(1) = explsz] y(s) ds

2wmif,

1

=l exp[st] ¥(s) ds (A2)
where the integration in eq A2 is to be performed along a line
s = cin the complex plane where s = x + iy. The real number c is
chosen such that s = clies to the right of all the singularities, but
is otherwise assumed to be arbitrary. In practice, the integral is
evaluated by considering the contour integral presented on the
right-hand side of eq A2, which is evaluated using the so-called
Bromwich contour. The contour integral is then evaluated
using the residue theorem which states for any analytic func-
tion F(z)

7( F(z) de = 271 ¥ Re s[E(2)],_. (A3)

where the residues are computed at the poles of the function
F(z). Hence from eq A3, we note that
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From the theory of complex variables we can show that
the residue of a function F(z) at a simple pole at z = a is
given by
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Hence in order to invert eq Al, we need to evaluate

/ s
cosh< (112+Bx>
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Now the poles are obtained from

s(s + 0y 2D) cosh<1 [0,2 —I—;d) =0

Hence there is a simple pole at s = 0 and there is a pole at
s = —01°D, and there are infinitely many poles given by the
solution of the equation

N
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and so
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V™ D
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s=0
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= lim
s—0 s
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withn = 0,1,2, ...

Hence we note that

S(X,T) = Res

s=0

+ Res

(A6)

s=s,

Res
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The second residue in eq A6 is as follows:

/ s
cosh( (112+Bx>
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s=0
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The third residue in eq A6 can be evaluated as follows. It is
established that if F(z) can be expressed as F(z) = f(z)/g(z),
where the functions f and g are analytic at s = s, and g(s,) =
while ¢'(s,) # 0 and f(s,) # 0, then
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Using cosh(if) =cos (0) and sinh(if) = i sin(6)

/ s
cosh ( o+ x)
Lt e D
o s(s+042D) 4 cosh| (/042 + 24
ds D
2n+1 2n+1)°7?
(—1)" cos <( n; ) x) exp |:— (&12 + %)Dt}

(2n+1) <O~12 + L 1)2ﬂ2>

nMx

-4
D,
4d?

Similarly, we can invert eqs 9—11.

B APPENDIX B

This appendix contains the Matlab program to find the sum of
the series of eq 13.

function v=v(x)

alphal=1000;

m=1;

d=0.01;

D=3*10"(-6);

x=linspace(0,0.01);

t=1;

s=0;

N=100;

for n=0: 1 :N-+1;
s=s-+(-1)"n*cos((2*n+1)*pi*x/(2*d))
*exp(-alphal”2*D*t+(2*n+1)-

“2*pi"2*D*t/(4*d"2)))/

((2*n+1)*(alphal”2+4(2*n+1)"2*pi"2/(4*d"2)));

end

u=m*cosh(alphal*x)/cosh(alphal*d);
v=u-+4*m*alphal”2/pi*s;

plot(x,v)

Similarly, we can find the sum of the series of eqs 14—16.

B APPENDIX C

The Matlab program to find the numerical solution of eqs 2—5

is as follows.

4305

function pdex4
m=0;
x=linspace(0,0.01);
t=linspace(0,0.5);
sol=pdepe(m,@pdex4pde,@pdexdic,@pdexdbc,xt);
ul=sol(:,;,1);
u2=sol(:,;,2);
u3=sol(:,;,3);
ud=sol(:,;,4);
figure
plot(x,ul(end,:))
title(" ul(xt)")
figure
plot(x,u2(end,:))
title(' u2(xt)")
figure
plot(x,u3(end,:))
title(' u3(xt)" )
figure
plot(x,u4(end,:))
title(' u4(xt)")
%
function [c,f;s]=pdex4pde(x,t,u,DuDx)
D=3*10"(-6);
alphal=1000;
alpha2=1010;
alpha3=1030;
c=[1/D; 1/D; 1/D; 1/DJ;
f=[1; 1; 1; 1].* DuDx;
Fl=-alphal"2*u(1);
F2=alphal"2*u(1)-alpha2"2*u(2);
F3=alpha2"2*u(2)-alpha3”2*u(3);
F4=alpha3”2*u(3);
s=[F1; F2; F3; F4];
%
function u0=pdex4ic(x);
u0=[1; 0; 0; 0];
%
function [pl,ql,pr,qr]=pdex4bc(x,ulxr,ur,t)
pl=[0; 0; 0; ul(4)];
ql=[1;1; 1; 0;
r=[ur(1)-1; ur(2); ur(3); ur(4)J;
qr=[0; 0; 0; 0J;
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