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A scaling theory of the sub atto-molar (aM) detection limits of
magnetic particle (MP) based biosensors (e.g., bio-barcode assays)
is developed and discussed. Despite the dramatic differences of
sensing protocols and detection limits, the MP-based sensors can be
interpreted within the same theoretical framework as any other
classical biosensor (e.g., nanowire sensors), except that these sensors
are differentiated by the geometry of diffusion and the probe
(prp)ltarget (p7) density ratio. Our model predicts two regimes for
biomolecule detection: For classical biosensors with p,;p = pr, the

response time 7 OC%T; while for MP-based biosensors with
Pyp > Pry s oc%MP. The theory (i) explains the performance

improvement of MP-sensors by /’M%T (order of 10°~10°), broadly

validating the sub-aM detection limits reported in literature, (ii)
offers intuitive interpretation for the counter-intuitive p ;-indepen-
dence of detection time in MP-sensors, (iii) shows that statistical
fluctuations should reduce with p; for MP sensors, and (iv) offers
obvious routes to sensitivity improvement of classical sensors.

Introduction

Conventional biosensors consist of a single sensor element introduced
into fluid volume containing many analyte or target biomolecules
(Fig. 1a). Typically, the sensor is at rest and the target molecules
diffuse to the sensor surface to produce a response. This geometry of
target diffusion dictates the performance limits of modern nano-
biosensors,' which is defined as the minimum detectable concent-
ration for a given settling (or incubation) time. For example, analysis
for nanowire (NW) sensors suggests the possibility of achieving ~
pico-molar (pM) detection limits, although the statistics of arrival
time distribution could improve the detection limits to femto-Molar
(fM) regime for an array of identically functionalized sensor
elements.* Classical sensors, however, are presumed inadequate for
sub-fM detection, and other schemes — particularly those involving
magnetic particles (MP-sensors) — appear to extend the detection
limits to sub-aM levels at reasonable settling times.>” An enduring
puzzle for the field is the underlying physics that dictates this
remarkable detection limit of MP-sensors and whether other detec-
tion schemes could achieve comparable performance.

The practical protocol of MP based BioBarcode assays is very
different from that of classical NW-based sensing. The method
consists of four basic steps (see ref. 8 for detailed methodology): (A)
target capture with receptor functionalized iron oxide MPs (see
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Fig. 1 (a) Classical biosensor with the sensor at rest and waiting for the
molecules to arrive on the surface. (b) Magnetic particle sensor: magnetic
particles functionalized with the capture probes are distributed in the
system. (c)-(¢) Schematics illustrating the different regimes of bio-mole-
cule (solid dots) detection by MPs (open circles). (c) indicates p7 > psp,
(d) pr = pap, and (e) pr < prrp-

Fig. 1b), (B) subsequent incubation with Au nanoparticles (NP)
functionalized with barcode molecules to form MP-target-NP
conjugate, (C) magnetic field assisted localization of MP-target-NP
conjugates, and (D) release and detection of barcode molecules. The
barcode molecules are unique for each target species and enable
multiplexed detection of biomolecules. The settling time for MP
based sensors is dictated by the slowest of the above described four
step process. Of them, Step A, the capture of target molecules at aM
concentration with MPs (MP density, p;,p = 0.1pM), determines the
eventual settling time. Step B is much faster than step A as the NPs
are introduced at a much higher density (1000 x pssp). The time
taken for the magnetic field assisted localization (step C) is of the
order of few minutes as the terminal velocity’ of MP conjugates
(radius ag = 0.5um, typical external field of B = 16mT) is of the order
10°umls. As Step C results in a concentration amplification, the
detection time of the barcode molecules (Step D) can be reduced
significantly. Hence the performance limits of MP based sensors are
dictated by step A, the dynamics of target molecule capture by MPs.
As mentioned before, if MP-sensors allow faster detection for a given
analyte concentration, the trade off can then be used to achieve
higher sensitivity for a given detection time.

The apparent complexity of biobarcode sensors has so far
precluded theoretical interpretation for its detection limits and has
made it difficult to explore prospects for performance enhancement.
Indeed, classical Monte-Carlo study of MP sensors that would allow
millions of magnetic particles and bio-molecules to diffuse randomly
until conjugation is a computationally challenging task and has never
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been attempted. In this Letter, instead, we use a novel reformulation
of the problem to establish the theoretical limits of biomolecule
detection by classical (Fig. 1a) and MP-sensors (Fig. 1b) through
a combination of analytic and numerical methods. The detailed
derivation will be discussed below, however, here is the key result that
is broadly consistent with the available experimental data reported in
the literature: For a system with p7 being the target molecule density
and p,,p magnetic particle density, the settling time, defined as the
average time to capture the target molecules, is given as

N,
=" =pr, Ny=1 1
47rpTDa0 (pMP Py LV, )7 ( d)
N
fy =—" =pr, Ny=1 1b
47papDatg (pMP Pr ) (1b)

where ao is the radius of the magnetic particle, D the diffusion
coefficient, and N is the number of target molecules to be captured
per magnetic particle for detection. Note that the settling time of
classical NW sensors is also given by Eqn (1a), where ay is the radius
of NWs. Eqn (1) predicts that MP sensors out-perform classical

sensors by a factor pM%T, Let us now begin with an analytical

derivation of eqn (1) and then discuss the profound implication of
this result for nanoscale biosensors.

Model system

As described in Introduction, Step A determines the performance
limits of MP based sensors. To study the dynamics of target molecule
capture by MPs, let us now consider a MP-sensor in which target bio-
molecules and MPs are uniformly distributed (Fig. 1b, also see
Fig. 1(c)—(e) for an illustration in 2D) over the fluidic volume. The
target molecules execute random walks and are eventually captured
by the MPs (isotropically functionalized by capture probes) if they
wander close to the receptors. As we focus on the theoretical detec-
tion limits, we assume negligible MP-MP or MP-target interferences
during target capture, because for a typical MP density of 0.1pM
(equivalent to 0.25mg/mL, ref. 7), the MPs are many tens of microns
apart. As the MPs are paramagnetic, they do not interact among
themselves during the capture phase when magnetic fields are absent.
And, while both MPs as well as the targets are mobile, the larger
dimensions of MPs make their thermal diffusion negligible (MP
diameter ~1um, while the molecule size is of the order of few nm).
Therefore, for all practical purposes, the absolute lower limits for
capture, or settling time, is only dictated by the diffusion of target
molecules towards the quasi-stationary background of MPs given by:

% = DV%p (2a)
where D is the effective diffusion coefficient of target molecules and p
is the density of target molecules (p = pz, at t = 0). To determine the
detection limits, we assume that the MP surface is characterized by
the idealized boundary condition,

p=0 (2b)

i.e., the capture is irreversible ie., the targets are captured the very
first time it interacts with the MP, and the number of targets captured
is much smaller than the number of receptors available per MP. In

practice, finite capture probability will only degrade the limit. Since
the particle flux at the MP surface is given by J(¥) = DV,,p, p being the
solution of eqn (2), the number of molecules captured on the nano-
particle surface, N(t), is then given by

N(t) = 4nd} JJ(t)dt, (3)

0

where ag is the radius of MP. Eqn (3) assumes isotropic diffusion of
target molecules towards MP and is valid even in the dilute limit as an
ensemble average of individual capture processes. We now consider
two regimes of bio-molecule detection based on the relative density of
target molecules and magnetic particles.

Case 1 (pr = pyp)

Here the magnetic particles are sparsely distributed in volume con-
taining target molecules (Fig. 1c) — similar to the situation of classical
NW-sensors (Fig. la). The diffusive flux towards a perfectly
adsorbing MP (from ref. 2,10, analytic solution for eqn (2)) is given
Dpr o

by J(t)=——-(1+

y  J(1) a I+
N(t) = 4mpyDay(t + (ap/V/6D)t'/?). Retaining only the leading
terms (since ap/v6D < 1), the settling time, ¢, required to capture
a certain threshold, N, of the target molecules is given by

). Using eqn (3), we obtain

ts = N, %177 prDay’ the first relation of eqn (1). Since p7 > pasp, cach

MP can capture multiple particles and the parameter N is deter-
mined by the sensitivity of the detection scheme.

In the limiting case of p7= p,sp, the MP and target molecules have
the same density (Fig. 1d). As the MPs are presumed not to interact
with each other in terms of molecule capture, the kinetics of capture is
still defined by eqn 1 (a), until the statistically averaged number of
target molecules captured (N;) by each nanoparticle becomes unity.
At that time, all the molecules are captured by the MPs (since p7 =
pap) and the system reaches steady state. Hence the settling time for

this case is also given by ¢, = N‘ﬂﬂ’prDao’ with Ng = 1.

Case 2 (pr = pup)

In the other extreme case typical of MP-sensors (Fig. 1b), the MPs
outnumber the targets biomolecules by several orders of magnitude.
Assuming a background of quasi-stationary MPs, the diffusion of
target molecules is described by integrating eqn (2a) and eqn (2b) into
a single equation, as follows:

dp

Fri DV?p — apypp. 4)

Here, the second term on the RHS denotes the rate of capture of the
target molecules by the MPs. The constant o can be evaluated as

follows: Recall that the flux towards a MP is given by J(¢) = Dpp /Llo

(see previous section on Case 1, pr = p,sp). Hence the net rate of
conjugation of target molecules with MPs, (), is given by F(f) =
parpdmad)J(t) = 4magDpappr. Comparing with the second term on
the RHS of eqn (4), we obtain o = 4mayD.

Assuming that a single target molecule is released at time ¢ = 0 at
r =0 (i.e., the excitation is delta function in both time and space), the
solution for eqn (4) is given as
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,(gg)
p(r, 1) = A3 e \3P1 (5)

where A is constant (such that solution represents a delta function in
space aﬁd time at r = 0, .t = 0). and 7= % Paip The survival
probability, S(t), of the particle is given as

[ p(r, D)dmr?dr Ly
0 e
St)=g—————= p (6)
| p(r,t = 0)4mrdr
0

Hence the average settling time is 7 and is given as
h=T=——. (7)

Remarkably, for p7 < pysp, the settling time is independent of the
density of the target molecule p7, as all capture events are indepen-
dent of each other and depends only on MP density p,,p (see Fig. le).

This completes the derivation of eqn 1(b), ie. t; = N, ﬂ 7pypDatg’
with Ny = 1.

Numerical validation

To validate the analytical solution, we solve eqn (2) both numerically
by finite element (FE) as well as Monte Carlo (MC) methods. In MC
simulations, the many particle random walk is simplified by assuming
an ensemble of two-particle diffusive system that gives, as an
ensemble average, the same results as the many particle system. In
this two-particle MC formulation, the MP is assumed to be static and
the target molecules are allowed to perform random walk in 3
dimensions. For p; = pp, the simulation volume is given as V7, =
p7! while for pr < parp, Vo 18 determined by the minimum of (p7!,

12
10 T T T \ T I
'\\\ \Pl Experiments
9 NW anar | MP
10" F \ _ N A NW
. x : Monte-Carl
105 | Eq. (1a) \ \ :;ir:ml:uionzao_
0
w403 |2 N\ 2
=210 -
Eq. (1b), p, .. =10""M
100 :q xél;“ X %X % \e\‘ o
Eq. (1b), p, ,=10""M \
.3 % ixa-.'xwx x x \\\
10 _I 1 | 1 ‘I\\ LY
wH 40" 10" 0% 1w w0f
pr (M)

Fig. 2 Settling time as a function of target molecule density (Ng = 1).
Analytic solutions are shown as solid lines while Monte-Carlo simulation
results are shown as ‘x’ symbols. The settling time for NW (radius 50nm,
length- lum, time to capture Ny = 3 molecules per NW) and planar
sensors, based on ref. 2, are also plotted. The simulation parameters are:
D = 10"°cm™/s, ay = 0.5um.The solid squares represent experimental
data using MP sensors (ref. 5-7) while the solid triangles represent
experimental data using NW sensors from various groups (ref. 14-19).
The theoretical results on the performance limits of planar, NW, and MP
sensors can also be accessed through an online simulation tool, Bio-
SensorLab.*®

patp). The system is simulated with periodic boundary conditions and
the target is assumed to be captured by the MP upon first contact.
The parametric dependence of capture time (t;) on various configu-
rations of target-MP separation is first estimated and the statistical
average over a large number (10°) of pair-configurations is used to
estimate the mean capture time. Numerical results shown in Fig. 2
indicate that MC simulations successfully reproduce the analytical
results. Note that for p7 =< p,p, the settling time is independent of p,
a surprising result and can be explained as follows: For p7= p,,p (see
Fig. le), the average capture time is dictated by the mean diffusion
distance of target molecules to an available MP, which is exclusively
determined by the MP density and is independent of p;. Hence, the
average capture time or settling time is independent of pr, however, the
net number of captured molecules scale with pr, as expected. This key
result is supported by direct experimental evidence from ref. 6.
Specifically, ref. 6 shows that the fluorescence spot intensity increases
with DNA target density, while the assay time is independent of
DNA target density, supporting our simulation results.

Implications

Eqn (1) and Fig. 2 provide a phase diagram for sensor response for
planar, cylindrical, and MP sensors and show how a single unifying
framework interprets the detection limits of each technology. It is
obvious from the plot that the settling time of a sensor can be reduced

by a factor of pM%T for the case where sensors outnumber target

molecules. Indeed, practical MP detection schemes like biobarcode
assays® report pyp/pr ~ 103 — 108, which not only reduces the
detection time dramatically, but also offers the possibility of sub-aM
detection within reasonable detection times, as opposed to days of
incubation time required for classical sensors."* Note that MP-
sensors beat the classical diffusion limit associated with cylindrical or
planar sensors by a ‘divide-and-search’ strategy, so that no single
sensor need to search beyond a very short diffusion-limited regime.
As we assumed infinite conjugation rates between the target mole-
cules and receptors attached to the MP (as indicated by eqn (2b)), eqn
(1) indeed predict the absolute lower limits of detection time and
hence the performance limits of the technology.

The methodology based on MP-based detection significantly
reduces the statistical distribution of the capture time compared to
classical biosensors. Following eqn (6), for p7 = pyp, the density of
target molecules that survive after time t is p,,,, = pre/*. We define
the maximum waiting time (t,.) as the time taken to capture the last
surviving molecule. At ¢ = 1,,,,,, We have ppe /"= 1/ Vsample, Where
Vsampie 18 the sample volume under consideration. Correspondingly,
we find that

fax log ( mep/epr) ®)

Pup

i.e., the maximum waiting time reduces with p7 (Vampepr is the total
number of target molecules present in the sample). This surprising
result can be intuitively explained as follows: For p7 = p,,p, larger the
number of target molecules in the system, larger would be the time
taken for all of them to be captured. Hence #,,, is expected to be
proportional to log(p7). In contrast to classical sensors where
randomness in arrival time of molecules to the sensor surface
increases with decrease in pr (ref. 4), for MP sensors, the maximum
waiting time or rather the randomness in the settling time distribution
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decreases with dilution of target molecules (a conclusion supported
by MC simulations). Eqn (8) also indicates that the fluctuations in the
settling time can be reduced by increasing p,,p, an intuitive result.

Finally, the ‘Selectivity’ MP-sensors — defined as the ability of
a sensor to avoid ‘false-positive’ during the parallel detection of many
biomolecules — is considerably improved because unlike classical
electronic sensors, the magnetic field is not contaminated by elec-
trostatic screening due to ions in the solution."' Moreover, being
a labeled scheme (magnetic particles act as labels), these schemes are
not affected by physisorbtion of parasitic molecules on the sensor
surface and the associated background noise.'

Can classical label-free sensors be redesigned to achieve detection
limits comparable to MP-sensors? Recall that the fast response of
MP-sensors arises from the condition that pr < pap and Ny = 1, so
that the maximum diffusion distance for the target molecules scales
inversely as the density of MPs. Classical sensors (e.g., Silicon NW)
on the other hand operates at the opposite limit of p7 >=> pyp and
N, > 1, where the target molecule far outnumber the sensor elements
and the diffusion-limit dictates that the settling-time scale inversely
with target density.” Instead, if NW-sensors could adopt a scheme
analogous to MP-sensors (i.e., pr < pap and Ny = 1) by distributing
the total analyte volume in a individually accessible (but physically
partitioned) parallel array of micro-wells, each decorated with
identically labeled NW-sensors with single molecule detection capa-
bility, the fragmentation of space would allow the label-free sensors
approach the detection limits of MP-sensors. Single molecule detec-
tion capability (N, = 1) is crucial as the probability of finding N, > 1
molecules in a micro-well reduces exponentially (the target molecules
at extreme low concentrations follow Poisson distribution, similar to
the formation of defects in an oxide dielectric'®). However, this can be
addressed through appropriate signal amplification schemes for
single molecule detection capability and the advances in lithography
and interconnects makes such parallelization of label-free detection
scheme feasible.

Practical considerations: In this article we developed the theoretical
detection limits of a promising technology using magnetic particles —
for which no simple first order estimate is available in literature. With
the theoretical detection limits being the focus, we idealized each step
so as to establish maximum limit of detection (e.g., infinite rate of
conjugation between the target and MP, negligible MP-MP interac-
tions, background noise, efc.). Our assumption of infinite conjugation
rate does not suggest that chemical reactions are unimportant,
instead suggest that even if we could design a chemical reaction that is
fast enough not to be a bottleneck of the system performance, still
there is a theoretical limit of detection associated with two set of
particles (MP and the target) looking for’ each other in a solution.
Similarly MP size and surface functionalization are important design
aspects to prevent agglomeration and MP-MP interactions. These
limitations would certainly influence the performance and reduce the
sensitivity and could be interesting topics for future research.
However, the absolute lower limits of sensitivity (in a statistically
averaged sense) are still predicted by eqn (1) of this article.

Conclusions

In summary, we have provided the first scaling theory for the sub-aM
detection limits of magnetic particle based biosensors and connects it
— possibly for the first time — with the detection limits of classical
planar or nanowire sensors. Our model explains the orders of

magnitude performance improvement of MP-sensors, broadly vali-
dating the sub-aM detection limits reported in literature and offers
intuitive interpretation for the counter-intuitive p;-independence of
detection time in MP-sensors. We show that statistical fluctuations
should reduce with py for MP sensors and our results offer obvious
routes of optimization for classical sensors.
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